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Ibn al-Ha'im's Trepidation Model 293

I Introduction
1. Generalities.

The aim of trepidation models was to account for two phenomena that
puzzled medieval astronomers: the secular decrease of the obliquity of the
ecliptic, and the apparent changes in the velocity of precession over the
years?.

As far as we know, the first theory that attempts to explain the
phenomena is found in the Small Commentary to the Handy Tables by
Theon of Alexandria (4th c.)’. Theon’s simple original theory, which later
on developed into much more complicated models, was based on the belief
in a backward and forward motion of the equinoctial points along an arc of
8¢ at a rate of 1°/80 years, due to which the value of the precession of the
equinoxes was sometimes negative and sometimes positive. It seems that
the origins of these 8° and of the theory of a linear zig-zag function are to
be found in ancient Babylon. Theon attributes the theory to the "ancient
astrologers", a term that was translated in Arabic works as "Ahl al-
tilasmat". Theon’s words were often reproduced, in various ways, by the
Arabic sources in which the theory was developed.

According to J. Ragep®, al-Battani played a central role in its
development. Following earlier Islamic authors of the 9th century, he made
a reinterpretation of the theory described by Theon and provided the
framework within which later models would develop.

We can identify two different approaches: the Eastern approach due to
Ibrahim b. Sinan b. Thabit b. Qurra (Kitab Harakat al-Shams) and Abi
Jafar al-Khazin (al-Zij al-Safa’ih), both from the 10th century, and the
Western one, mainly represented by the Liber de Motu Octave Spere,
whose date of composition is not known; the trepidation tables found in the

[

A full account of the most recent bibliography on this subject is to be found in J. Samsé
[1992:219-225] and [1994:VIIIL,1-31], J. Ragep [1996:267-298], R. Mercier [1996:299-
347], and M. Comes [1996:349-364].

¥ See A. Tihon [1978:236-237/319].
* See J. Ragep [1996:271-295].
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Toledan Tables®; and the work of Azarquiel® and his followers, from 11th
century onwards’. The main difference is that while in the Kitab Harakat
al-shams and in al-zij al-Safa’ih we find just purely geometrical
demonstrations without parameters, in the Western authors there is a
complete set of parameters as well as tables to compute the position of the
Head of Aries and the obliquity of the ecliptic for any desired moment.

To this, it should be added that in the trepidation theories of the
Ancients, the solstitial points are the fixed reference. The same occurs in
the aforementioned works of Sinan b. Thabit® and al-Khazin’. In
Zarqallian and Andalusian models, the reference system is defined by the
equinoctial points.

Andalusian models were probably reelaborations of these earlier Eastern
models with the attribution of parameters that accounted for the differences
found by the observations. In fact there is a paragraph in Azarquiel’s
introduction to his Book on the Fixed Stars where there seems to be an
indirect reference to Thabit. Azarquiel'® states that the previous authors
did not pursue the subject of the motion of the fixed stars further because
reliable observations of earlier astronomers were not available to them.

According to J. Ragep, presumably "one of Thabit’s reasons for writing
Ishag'' was to ascertain if he knew of any observation of the sun between

5 See G.J. Toomer [1968:118-122].

Following J.M. Millds [1943-1950], I use the Spanish form Azarquiel, deriving from the
Arabic walad al-Zargiyal, documented by Sa‘id al-Andalust [2:138-139/3:180-181].

See chapter 1 of the following commentary.
¥ See Sa“idan [1983].

Ms. Asrinagar, 314. We owe a photocopy of the manuscript to the kindness of Professors
Ansari and King. This Zij al-Safa'ih is mentioned by al-Birini in his Kitab al-Athar al-
Bagiya [1:326] as containing a good description of an accession and recession model.

0 3. M. Millds [1943-1950:278).

He is referring to a scientific epistle that Thabit wrote to Ishaq b. Hunayn, the well-
known physician and translator from Greek into Arabic, kept in Ibn Yinus's al-Zij al-
Hakimi.
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Ptolemy and their own time" in order to test whether trepidation could
account for "the differences between the Mumtahan results and those of
Ptolemy to a generalized phenomenon affecting all the stars"".
Furthermore, Thabit ends the letter saying that he has not communicated
his studies on that respect to anyone "even if many have asked me for it,
particularly because they are not found on something precise, but I
establish now the point to which the question has evolved, from Ptolemy
to this time epoch which is ours"".

Azarquiel also criticizes the efforts of previous Andalusian astronomers,
especially Ibn al-Samh (d. 1035)". Indeed he seems to feel a particular
animosity towards Ibn al-Samh, because similar negative judgements are
also found in an indirect reference in his book on the use of the
equatorium".

However, the fact that we find here a statement affirming that Ibn al-
Samh had reached an understanding of the motion of the fixed stars, albeit
incomplete, raises the possibility that he was the author of the model of the
Liber de Motu, on which Azarquiel based his own models. Moreover, in
Sa‘id’s Tabagar'®, Tbn al-Samh is described as a specialist in mathematics
and geometry'’, as well as in the motion of the stars and the configuration
of the celestial spheres.

Another possibility is Sa‘id himself for in his Tabagar™ he states that
after reading Ibn al-Adami’s treatise on trepidation, he was able to
understand trepidation motion and to expound it in his book on the motion

"2 7. Ragep [1996:282-283]. See also R. Morelon [1994:131-132].

" R. Morelon [1994:132].

" 1.M. Millas [1943-1950:278].

15 See M. Comes [1990:225].

' Abii I’Qasim Sa‘id al-Andalusi’s Tabaqat al-Umam. See $‘id al-AndalusT [3:169-170].

Ibn al-Samh’s skill as mathematician and geometer, especially as far as his study on the
sections of the cylinder is concerned, has been confirmed by R.Rashed’s outstanding
study [1996].

'8 Sa°id al-Andalus [2:114] and [3:146-47].
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of the celestial bodies. This might explain the presence in the Toledan
Tables, also attributed to Sa°id and his group, of the same trepidation tables
we find in several manuscripts of the Liber.

Finally, other possibilities are: Ibn Barghiith, whose observations of the
star Qalb al-Asad (441H/1049-1050AD) are quoted by Azarquiel'®; or,
better still, al-Istijji’°, who according to Ibn al-Ha’im wrote a Risalat al-
igbal wa-l-idbar (c. 1050) and seems to have devised his own trepidation
model.

There is no doubt, however, that Azarquiel remains one of the most
likely candidates as author of this book. Of course, the fact that Ibrahim b.
Sinan does not attribute any observations or theoretical work on that
subject to his grandfather is for me conclusive evidence that the Liber was
not due to Thabit b. Qurra. Be that as it may, it is beyond question that the
Liber is intimately linked with the Toledan Tables™.

Some other authors describe a combination of constant precession and
variable trepidation, a combination well known in al-Andalus. In fact, the
authors of the Alfonsine Tables used a procedure in which a constant
precession is combined with a trepidation model, placing themselves in the
Andalusian tradition, which is probably derived from al-Battani’s
reinterpretation of Theon’s statement in this respect®.

J. Ragep, in his notable study of Nasir al-Din al-Tusi’s Tadhkira®,
shows that al-TusT evokes this hybrid model in his book and adds that
Shirazi and other commentators raised objections. Al-TiisI, as we shall see,
presents other features which are basically Andalusi?.

¥ J.M. Millas [1943-1950:309].

* Qadr S&‘id al-AndalusT in his Tabagat al-Umam also states that Abi Marwin al-Istijji had
studied the subject of trepidation. See H. Bialwan’s edition (Sa¢id al-Andalust [3:196-7]).

*' On the authorship of the Liber de Motu, see the account in J. Sams6 [1992:225/1994a:2-
3]; J. Ragep [1993-400-403] and R. Mercier [1996:321-325].

* See J. Sams6 [1987a:1X1/175-183], and J. Ragep [1996:267-298].

* J. Ragep [1993].

* See the commentary introduced after 11.4.[5].
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We also have the writings of some Maghribft authors of the 15th and 17th
centuries, which provide information about some astronomical activity in
al-Maghrib between the 12th and the 14th centuries. In the light of the
disagreements between computation and observation, they consider that
trepidation theories are no longer applicable or at least that another motion
should be added to accession and recession”. Even Copernicus was to
propose superimposed motions of this kind in Book III of De
Revolutionibus™.

2. Aim of the paper.

The aim of this paper is to study the trepidation models described in al-Zij
al-Kamil fi ‘lI-Ta‘alim by Abi Muhammad °Abd al-Haqq al-Gafiqi al-
Ishbilt, known as Ibn al-Ha’im?.

The only copy of this zij is MS.  Arab 285 (Marsh 618), kept in the
Bodleian Library. It consists of 170 pages and appears to have no tables,
only the canons divided into seven books (magalat), after quite a long
introduction. Al-Zij al-Kamil was composed ca. year 601 Hijra (1204-5),
probably in al-Maghrib or al-Andalus, and was dedicated to the Almohad
caliph Abtu “Abd Allah Muhammad al-Nasir (1199-1213). '

In this book, Ibn al-Ha’im seems to describe all he knows of the
trepidation and obliquity of the ecliptic models developed in al-Andalus,
especially Azarquiel’s third model. He provides not only the description of
the model, the geometrical demonstrations, and the use of the tables,
already found in Azarquiel’s Book on the Fixed Stars, but also the spherical
trigonometrical formulae involved.

*  See J. Sams6 [1998] and M. Comes [1997].

% See in the respect W. Hartner [1984:277]. On Copernicus’s trepidation and its
relationship with the Arabic tradition see Swerdlow and Neugebauer [1984:1:42-43;61,
72-74 and 127-172]

* On this author see: E.S. Kennedy [1956:132(n.48)]; J. Sams6 [1992:320-325]; M.
Abdulrahman [1996a:365-381]; E. Calvo [1998:51-111 and [1997]; and R. Puig
[2000:71-72].

Suhayl 2 (2001)



298 M. Comes

3. Structure of the paper.
3.1 Edition of the text.

An edition of the sections of the text dealing with the trepidation of the
equinoxes and the obliquity of the ecliptic appears as an appendix at the
end of the paper. Each chapter has been divided into paragraphs, numbered
in square brackets. The change of folio is noted in parentheses.

As the manuscript is a unicum, there are no variant readings. I have
standardized the spelling of hamza and added the corresponding shadda
and punctuation marks. Mistakes have been corrected and the manuscript
readings indicated in the critical apparatus.

The last lines of all the folios have been badly damaged by humidity. Some
of them are almost completely erased, while others have been repaired with
patches which hide the last two or three lines of the page completely. The
guessed words appear in the edition between angle brackets. Most of the
reconstructed text has been taken from similar sentences in other parts of
the book; from the Book on the Fixed Stars by Azarquiel, on which Ibn al-
Ha’im based some sections of his book; or from Ibn al-Raqqam’s al-Zij al-
Shamil, which reproduces verbatim some parts of our text®. In the last
case, I have used square brackets to distinguish them. The source is
indicated in the critical apparatus. Three dots between angle brackets
indicate a missing or unreadable passage and between square brackets a
passage dealing with unrelated subjects.

3.2. Commentary.

The commentary of the text is organized under headings dealing with the
different subjects. Each comment is numbered as follows: Roman numeral
of the magala (the introduction is numbered 0); number of the bab; and a

square bracketed number of the paragraph corresponding to the annexed
edition.

% Ibn al-Raqqam and Ibn al-Ha'im’s text are the only sources in Arabic.
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The figures of the manuscript have been reproduced and extra figures
have been added. Below the reproduced figures, the number identifying the
folio is specified inside parentheses. As the lettering in text and figures
does not always coincide, I have chosen the first ones for the reworked
figures and the commentary; the figures of the text are incomplete and the
lettering is often misleading.

The mathematical symbols used throughout this commentary are the
following:

AN Increase of longitude due to the trepidation motion
P,... Maximum accession or recession value

i Angle of rotation around the equatorial epicycle
6  Declination of a point of the equatorial epicycle
R Radius of the great circle

r  Radius of the epicycles

e¢  Obliquity of the ecliptic

€qin  Minimum obliquity of the ecliptic

€mean Mean obiquity of the ecliptic

€x Maximum obliquity of the ecliptic

J  Angle of rotation around the polar epicycle

3.3. Sections of the book edited and commented.

Mugaddima (fols. 3v-5v and 8v-9v), mainly on the criticisms of two of Ibn
al-Kammad’s books: al-Kawr “ala al-dawr and al-Mugtabas.

Magala 11
Bab 1 (fols. 23v-25v), on the accession and recession model.
Bab 2 (fols. 26r-27r), on the parameters of the different motions.
Bab3 (fols. 27r-28r), on the impossibility of constructing an
everlasting table for both motions.
Bab 4 (fols. 28r-29v), on the errors found in Ibn al-Kammad’s
trepidation model.
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Magala 111
Bab 1 (fol. 35v), on how to determine ¢ with the use of the tables.
Bab 2 (fols. 35v-36r), on how to determine AN with the use of the
tables.

Magala VI

Bab 1 (fols. 80r-81r), on how to determine the minimum obliquity of
the ecliptic from an observed obliquity.

Bab 2 (fols. 81r-81v), on how to determine the obliquity of the ecliptic
from the already known maximum and minimum obliquities.

Bab 3 (fols. 82r-82v), on how to determine the distance between the
Head of Aries and the spring equinoctial point, that is the first
accession (al-mahsus).

Bab 4 (fols. 82v-83v), on how to determine the right ascension of the
degrees of the equatorial epicycle with respect to the meridian,
that is the second accession (al-ma‘qal).

II Commentary

1. Ibn al-Ha’im’s sources on trepidation and obliquity of the ecliptic:
the "Liber de Motu" and Azarquiel’s "Book on the Fixed Stars"

To understand Ibn al-Ha’im’s criticisms and models, it seemed to me
worthwhile to start with a brief description of the most important
Andalusian models previous to Ibn al-Ha’im.

The tables found in the Toledan Tables®, as well as in some of the
manuscripts of the Liber de motu octave spere”, are the first
documentation we have of the Toledan astronomers’ work on this subject.

* In this regard, see G.J. Toomer [1968:118-122].

" On the Liber de Motu, see the Latin text edited by J.M. Millds [1943-1950:496-509]; an
English translation and commentary by O. Neugebauer [1962-290-299]; as well as the
following studies: B.R. Goldstein [1964:232-247]; J. Dobrzycki [1965:3-47]; J.D. North
[1967:73-83] and [1976:155-158]; and R. Mercier [1976:197-200] and [1977:33-71].

Suhayl 2 (2001)



Ibn al-Ha'im'’s Trepidation Model 301

The model of the Liber, whose authorship is unknown although, as we
have seen, it seems to have an Andalusian origin, is well known and has
been studied in depth by R. Mercier [1976] and [1997].

Fig. 1

In this model (Fig. 1):

QQ’
P
E

B,B,,B,, etc
PC

CE
CB\E,, etc

E,, E,, etc
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Equator.

Pole of the equator.

Intersection between the Equator and the mean Ecliptic
(mean Equinox).

Moving Head of Aries.

Section of a meridian circle, the pole of which is E (EC
= 90°), so that the distance between C and the equator
will correspond to the mean obliquity of the ecliptic
(€)'

Section of the Mean Ecliptic.

Ecliptic, which is the great circle determined by point C
and points B, By, B, etc. reaching the Equator at points
E, E,, E,, etc.

Equinoctial points, where the Ecliptic cuts the Equator.
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E.B,, E;B,, etc Arcs of the Ecliptic, which determine the increase or
decrease in longitude due to the accession and recession
motion (AN).

The model works as follows: on the small equatorial epicycle BB,B,,
whose centre is E, the Head of Aries (B, B,, B,, etc.) moves with a
uniform motion producing an angle with the equator called i. When point
B rotates, it carries with it a moving ecliptic which always passes by point
C. The intersections of this moving ecliptic with the equator are the
equinoctial points (E, E;, E,, etc.). The increase or decrease in longitude
produced by the accession and recession movement are the corresponding
arcs (BE) between the different positions of the Head of Aries (B, By, B,,
etc.) and the corresponding equinoxes (E, E,, E,, etc.). The objective is to
compute arc BE (A\) for any value of angle i. Obviously, there is another
equatorial epicycle at 180° around which the moving Head of Libra rotates.

The Toledan Tables and the Liber de Motu present three tables to
account for the different values of precession: a mean motion table
allowing calculation of the value of angle i for a specific moment; and two
tables which allow calculation of the increase of longitude (AN)
corresponding to a particular i by two different procedures. The first gives
directly the increase of longitude as a function of i while the second
calculates the declination of point B, as a function of i and of the radius of
the small epicycle, and should be used in combination with a declination
table. Goldstein [1964] explains both procedures.

Azarquiel, for his part, devised three models, but concluded that the
correct one was the third. This third model (Fig. 2) is basically similar to
that of the Liber although, from a practical point of view, it introduces
some important changes.

First of all, the parameters are different. Second, in the model of the
Liber there is a fixed point, placed in a meridian at 90° from the centre of
the small epicycle carrying the moving Head of Aries, through which all
the different ecliptics will pass.

In contrast, in Azarquiel’s third model the 90° are to be found between
the moving Heads of Aries and Libra and the also moving pole of the
ecliptic. And finally, the most important difference is that in his model
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Azarquiel considers the movements of accession and recession and
obliquity of the ecliptic to be independent, though related. This involves
two different kinematic models, one for obliquity and another for accession
and recession (Figs. 3 and 9).

Fig. 2

Azarquiel gives three tables: the first for the mean motion of the Head
of Aries (i); the second for the second accession (ZG in Fig. 9)*; and the
third for the declination of the Head of Aries (8).

In order to calculate the increase or decrease in longitude due to the
accession and recession motion (AN), Azarquiel does not use a table like
the Liber, but an indirect method described in his Book on the Fixed Stars
and established by B. Goldstein®.

¥ Called by Azarquiel the "equation of the diameter” and by Ibn al-Banna’ the "accession
of the perpendicular of the diameter". On the second accessior see B. Goldstein
[1964:242-244] as well as chapters 12, 13 and 14 of this commentary.

2 Goldstein [1964].
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Emed E med

Once the value of angle / has been determined, using the first table,
similar to that in the Toledan Tables, a second table allows calculation of
the declination of point (B, Fig. 9); then, the following formula must be
used:

sin AN = sin 6/ sin €

This means that in order to calculate the precession, the value of the
obliquity must be determined beforehand.

Azarquiel’s model for the obliquity of the ecliptic (fig. 3) seems to have
been influenced by a model proposed by Ibrahim b. Sinan, involving an
ecliptic, controled by an epicycle. The aim of Ibn Sinan’s model was to
account for the decrease in the value of the obliquity and the increase in the
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longitude of the apogee of the Sun®.

Azarquiel’s model (Fig. 2) consists of a deferent circle, the centre of
which is the pole of the equator (P,) with radius 23;43°, corresponding to
the mean obliquity (é,,,,); and a small epicycle with radius 0;10°, the centre
of which is placed on the deferent circle, around which the pole of the
ecliptic (Pg) moves.

According to Goldstein, the centre of the epicycle moves along a limited
arc of its deferent. Neither Azarquiel nor Ibn al-Ha’im say a single word
about this specific motion, unless we consider that they are talking about
it when saying that "The orb advances 8° and then retreats the same
amount and the poles of the ecliptic orb elevate and depress 8°
alternatively"*.

At the same time (Fig. 3), the pole of the ecliptic (G), rotates about its
centre with a uniform motion (j).

In addition, in the model of Azarquiel and Ibn al-Ha’im, the pole of the
ecliptic and the Head of Aries keep a constant distance of 90°.

Since the radii are 23;43° and 0;10°, the obliquity will vary between
23;33° for Azarquiel’s time and 23;53° for a moment before Ptolemy’s
time.

So in this model (Fig. 3) the obliquity is easily determined because it is
equal to the distance between the pole of the equator and the pole of the
ecliptic: that is to say GZ. So, in Azarquiel’s book, the obliquity of the
ecliptic is simply determined from a table rather than by the calculations
that the use of the Liber entails®. This table gives the values of the
obliquity as a function of angle j reckoned on the polar epicycle.

The revolutions in both epicycles, equatorial and polar, are in the
opposite direction. Furthermore, while the Head of Aries needs 3874 Julian
years to complete a revolution, the pole of the ecliptic needs only 1850
Julian years.

¥ R. Mercier [1987:106].
¥ See IL1.[1].

% On the procedure for calculating the obliquity according to the parameters of the Liber,
see R. Mercier [1976:212 & 1977:39]; See also J. Samsd [1987b:367-377 & 1992:224-
225] and K.P. Moesgaard [1975:97].
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Later astronomers in the Iberian peninsula and the Maghrib, such as Ibn
al-Kammad, Ibn Ishaq al-Tanisi, Ibn al-Banna’, Abi ’'l-Hasan al-
Marrakushi, Ibn al-Ragqam, Abi ’l-Hasan al-Qusantini, Ibn “Azziiz al-
Qusantini, or the astronomers of King Peter the Ceremonious, followed
Azarquiel’s third model. However, all of them introduced a table, similar
to that of the Toledan Tables and the Liber de Motu, giving the accession
or recession value (AN) corresponding to any value of angle i. The use of
this kind of table is criticized by Ibn al-Ha’im.

The model presented by Ibn al-Ha'im when dealing with Ibn al-
Kammad’s errors is described in Bab 4 of Magala 11 and analysed in
chapter 2 of this commentary. Although the lines immediately before the
description correspond to a damaged end of page and are illegible, there is
no doubt that the model depicted by Ibn al-Ha’im is Ibn al-Kammad’s
model.

The model followed by Ibn al-Ha’im is depicted in Bab 1 of Magala 11
and analysed in chapter 5 of this commentary.

2. On the errors detected by Ibn al-Ha’im in Ibn al-Kammad’s "al-
Kawr ‘ala al-dawr" and "al-Mugqtabas"

Within the rhetorical introduction, which goes from fol. 2r to fol. 10r, the
author makes his first criticisms of Ibn al-Kammad. In fols. 3v to 4r the
errors found in Ibn al-Kammad’s trepidation model are expounded. From
fol 5r to 8r, Ibn al-Ha’im describes up to 25 errors he detected in two
books by Ibn al-Kammad, al-Kawr ‘ald al-dawr and al-Mugtabas,
introduced by the formula wa-min dhalika.

The errors are ordered and numbered at the edge of the page. Amongst
them, there is the error referring to Ibn al-Kammad’s model for the
trepidation motion®. The model is compared by the author with what he
calls the "Toledan observations" (al-arsad al-tulaytuliyya) and the works

* See in this respect E. Calvo [1997]; J. Chabas & B.R. Goldstein [1994] and [1996]; and
J.L. Mancha [1998:1-11].
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on the subject by Abi Ishaq al-Zarqalla¥, Abi Marwan al-Istijji** and
Abi ‘Abd Allah b. Barghiith®.

As the subject is also dealt with in Bab 4 of Magala 11, here I will
comment on the two chapters together.

0.[1] As far as the introduction is concerned, after a short foreword on
the differences found between observations and calculations of the various

7 The name of this author is spelt al-Zarqala in the manuscript, written in Maghribf script.
According to J. Sams6, this seems to be a classicised Eastern form, not documented in
Andalusian sources. This information is to appear, under the entry al-Zarkalt by J.
Sams6, in a forthcoming volume of the Encyclopédie de 'Islam. However, al-Zargila is
also the spelling in Ibn al-Baqqar’s Kitab al-Adwar fi Tasyir al-Anwar (Escorial, ms. 418,
fol 238r).

% Abii Marwan Abd Allah b. Khalaf al-Istijji, according to Ibn al-Baqqir’s Kitab al-Adwar
JT Tasyir al-Anwdar (Escorial, ms. 418, f. 242r. See also Sams6, Berrani [1999]). Aba
Marwan “Abd Allah (or “Ubayd Allah) b. Jalaf al-Istiji, according to Sa%id’s Tabagat,
although L. Cheikho read "al-Astuhi”. Consequently, I have adopted the spelling al-Istijji
in spite of the fact that in the manuscript this name appears as al-Istijibi,

* This name is found as al-Faqih al-Qadi Abii “Abd Allah b. Barghat in fol. 4r and al-Fagih
Abil “Abd Allah b. Barghith in 9v. The spelling also varies in the different editions or
translations of Sa°id’s Tabagar. Hayidt Bii “Alwan in $a%id al-Andalust [3:173-6) calls him
Muhammad b. “Umar b. Muhammad (b. “Umar in some mss.) known as Ibn Barghiit,
readmg accepted by Maillo without any explanation (Sa°id al-AndalusT [5:130], while
according to R. Blachére’s translation (S2°id al-Andalust [2:135-5]), based on Cheikho's
edition (Said al-Andalust [1]), his name is Ibn Barghuth. The most recent edition of
Tehran (Sa‘id al-AndalusT [4]) points again to Ibn Barghuth, placing Bl ‘Alwan’s reading
amongst the various errors that the author of Tehran’s edition found in B ‘Alwan’s
edition. According to Suter [1986:n. 221] the name is Muhammad b. “Umar b.
Muhammad, Abii “Abd Allah, known as Ibn Burghiith. Although Ibn Barghith seems to
be the most common spelling, in the Hebrew ms. of the Book on the Fixed Stars the name
appears once again as Ibn Barghut. In fact, I have my suspicions about the spelling Ibn
Barghiith (son of a flea). T wonder if this name, spelt as Ibn Barghit, could be derived
from the name of a well known tribe in al-Maghrib, the Barghawdta. We know that there
was a certain relationship between this tribe and the Andalusian caliph al-Hakam II. Some
time before the flourishing of our Ibn Barghiith (c.1050), the Barghawata had sent one
of its members to Cordova on a political mission (352H/963AD). Cf. R. le Tourneau
[1960]. On the possible develarization of /t/ in the Spanish Arabic dialect see F.
Corriente [1977:40] and [1992:45-47].
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motions, Ibn al-Ha’im starts his criticisms of Ibn al-Kammad’s theory of
trepidation found in his two books, al-Kawr ‘ala al-dawr and al-Mugtabas,
particularly the first. Ibn al-Kammad’s errors led people to criticise and
reject the Toledan observations after having accepted them. A group of
astronomers, however, were interested in this book (al-Kawr) and they
paid no attention to its mistakes.

Several coincidences suggest that the model attributed by Ibn al-Ha’im
to Ibn al-Kammad was either Azarquiel’s first model or Azarquiel’s second
model. First of all, according to Chabds and Goldstein®, Ibn al-
Kammad’s table for the motion of the first point of Aries in al-Mugtabas
fits fairly well with the formula underlying Azarquiel’s second model.
Furthermore, in the star table of the same zi{j a precessional value for
Ptolemy’s epoch, found in Azarquiel’s description of his first model, is
used”. In fact, we know that these previous models were indeed used.
Azarquiel himself in his two treatises on the construction and use of the
equatorium, used his first model to adapt al-Battani’s planetary apogees to
his epoch®.

However, the fact that Ibn al-Kammad’s model, as described by Ibn al-
Ha’im, presents the polar and equatorial epicycles, like Azarquiel’s third
model, rules out the abovementioned possibility. In my opinion, Ibn al-
Kammad’s model is just a misinterpretation of Azarquiel’s third model.

0.[2] Ibn al-Ha’im goes on to say that he has seen a copy of the book
(al/Kawr) with a note written in one of the aforementioned astronomers
own hand, in which he proves his ignorance by praising Ibn al-Kammad’s
trepidation table with the argument that it is Azarquiel’s table, although in
fact it is not. Ibn al-Ha’im marveles at the ignorance showed by this man.

0.[3] In fact, we find here a quotation from Azarquiel’s Book on the
Fixed Stars about the impossibility of constructing a table that gives

“J. Chabis & B. Goldstein [1994:24].
' See M. Comes [1991].
2 M. Comes [1990:88-92].
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directly the value for AN because of the changing obliquity. The quotation
corresponds word for word with the last paragraph of Azarquiel’s 8"
chapter®. Ibn al-Ha’im expands his criticisms on the use of such a table
in 0.[13] and II1.3.[4].

0.[4] According to Ibn al-Ha’im, an otherwise unknown astronomer, a
contemporary of his, prepared a zij named al-Zij al-Muntakhab, which
reproduced Abi Marwan al-IstijjT’s mean motion tables and al-Battani’s
equation tables. In this zij, Ibn al-Ha’im also finds the bulk of errors he
criticized in Ibn al-Kammad’s al-Kawr “ala al-dawr. However, as we will
see, the parameters implied in al-Kawr ‘ala al-dawr and in the
Muntakhab zij, at least as far as the trepidation tables are concerned, seem
to be unrelated. This zij appears also mentioned in 0.[11]. Unfortunately,
we have no references to the author of this zij nor to the zij itself.

Following this, there is an excursus, not edited here, on the errors found
in the Muntakhab zij related to the motion of the sun. In it we find another
quotation on the solar motion from Abl Marwan'’s Risalat al-Igbal wa-1-
idbar, which has not survived. Since this book is lost, and given the
exactitude of the previous quotation of Azarquiel, I think that this quotation
deserves to be studied within the framework of the Andalusian models for
the motion of the sun®.

0.[5] The next step will be to discuss the errors in the trepidation
motion: firstly, Ibn al-Kammad’s errors in al-Kawr ‘ald al-dawr; and
secondly, the mistakes found in the Muntakhab zij*.

0.[6] Ibn al-Kammad’s errors on this subject, appearing in fols. 5r to 8r,
are divided into four aspects (jihar).

2 J.M. Millas [1943-1950:335].
“ See the commentary to 0.]10].
** On this see E. Calvo [1998].

“ The errors in al-Zij al-Muntakhab will be discussed in chapter 3 of this commentary.
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First: Ibn al-Kammad’s premises are two: that the motion of the pole of
the ecliptic starts from one of its mean values, while the motion of the
Head of Aries starts from the equator, and that the two motions are equal.
See Fig. 4 described in I1.4.[2].

Fig. 4

0.[7] Second: Ibn al-Kammad devised a table for the two motions, which
he considered valid for any time, and structured as an equation table for
arguments between 1° and 90°. According to Ibn al-Ha’im this was not
correct, because for this range of arguments of the motion of the pole of
the ecliptic around the polar epicycle the pole does not achieve all of its
obliquities. To go from the maximum to the minimum obliquity, the pole
needs not only to cover 180° but also to meet the conditions explained in
0.18].
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0.[8] Third: The problem posed by Ibn al-Ha’im in this rather obscure
paragraph is that even if the table was symmetrical for 180°, the problem
remains. The pole of the ecliptic should not be placed at ¢,,,, because in
this case, from one to the other €,,,, the pole would not complete all its
possible obliquities, from maximum to minimum. To achieve this, the pole
should be placed at its minimum or maximum distance from the pole of the
equator (€,,, Or €,,,), but, in this case, the Head of Aries would be at the
Northern or Southern limits of the equatorial epicycle and not at the
intersection with the equator, where AN is 0° and the Head of Aries
coincides with the vernal equinox, as proposed by Ibn al-Kammad.

0.[9] Fourth: Finally, Ibn al-Ha’im’s last criticism is that the values
attributed to trepidation by Ibn al-Kammad do not coincide with the values
observed, which are the starting point (as/) used by the Toledan school to
determine the parameters of the trepidation model.

Table 1
Azarquiel Ibn al-Ha’im’s usal
Hipparchus AN 9;28,30° 9:29°
i 98 22;32,12° 0% 22:;32.,40°
Ptolemy AN 6;42.45° 6:42°
i 10° 19;1,30° 10° 19;2°

Table 1 summarizes the values of the A\ and the argument for the Head
of Aries (i) for the times of Hipparchus and Ptolemy, as reported by
Azarquiel in his Book on the Fixed Stars, and the values mentioned by Ibn
al-Ha’im.

As we can see in this table, Ibn al-Ha’im’s values are very close to those
of Azarquiel’s third model.

Entering with these values of / Ibn al-Kammad’s equation table, Ibn al-
Ha’im obtains the following results:

AN dif. with the usal
Hipparchus  9;19° - 0;10°
Ptolemy 6;57° 0:15°
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That is to say, a difference of up to fifteen minutes between the stated”’
values (as!/) and the ones obtained using Ibn al-Kammad’s tables in his zij
al-Kawr ‘ala al-dawr. Using the tables in the Mugtabas zij*, 1 obtained
the same values, that is 9;19° for Hipparchus and 6;57°% for Ptolemy.

11.4.[1] Bab 4 of maqgala 11 is also devoted to Ibn al-Kammad’s errors
on this subject. In the first paragraph -hard to read because it coincides
with the damaged end of the page- Ibn al-Ha’im just states his two main
criticisms of Ibn al-Kammad’s trepidation model: the similarity of the two
motions, and the errors in the construction of the table.

11.4.[2] The model is depicted in fol. 29v and reproduced in Fig. 4. Ibn
al-Kammad’s model corresponds roughly to Azarquiel’s third model and
that of the Liber de Mot™. The description in the text is as follows:

AB arc of the equator (90°)
AG arc of the ecliptic (90°)
AHK equatorial epicycle
D<T>M<E>"% polar epicycle

NDBG solstitial colure

In the text, these values are quoted as "observed".
“* Biblioteca Nacional de Madrid, ms. n. 10023.

In the manuseript the value is 7;57°. However, this value should be corrected to 6;57°
because 7° has to end at 10° 18° and not at 10° 20° as it appears in the manuscript due
to a displacement in the column of the degrees. In fact displacement errors are fairly
common in this manuscript. This value is found corrected by Sams6 in [1997:109], as it
appears in the Muwafiq Zij, which offers the same table. In the table reproduced by
Chabds & Goldstein [1994:25], the value is not corrected, although the correct value
appears in the variant readings taken from the Barcelona Tables (Ms. Ripoll 21, fol.
137r).

See chapter 1 of this commentary.

Points T and E are not mentioned in the description of the model, although they are used
in the rest of the text. See I1.4.[4].

Suhayl 2 (2001)



Ibn al-Ha'im's Trepidation Model 313

N pole of the equator
D pole of the ecliptic

In this model, the figure of 90°, which has created many problems of
interpretation from the very beginning, is to be taken on the equator and
the ecliptic, between the Head of Aries and Libra at the beginning of their
motions and the colure. In both Azarquiel’s third model and Ibn al-
Ha’im’s, the 90° are taken between the moving Head of Aries and the
moving Pole of the ecliptic. In the Liber de Motu they are considered to be
between the centre of the equatorial epicycle (mean first point of Aries) and
a fixed point in the colure, which corresponds with the intersection between
the moving and fixed ecliptics. This was the assumption made by North®,
followed by Sams6™, and afterwards accepted by Mercier as the best one.
Regiomontanus’ model, however, coincides with Ibn al-Ha’im’s description
of Ibn al-Kammad’s model*.

11.4.[3] We find here the repetition of Ibn al-Kammad’s opinion. The
Head of Aries and the pole of the ecliptic would cover equal arcs in equal
times. The Head of Aries starts from the point corresponding to the
intersection between the ecliptic and the equator and the pole of the ecliptic
starts from its mean distance from the pole of the equator (€,,,)-

11.4.[4] This paragraph aims to show once again that a table for 90°
would be enough for the motion of the Head of Aries, because the variable
used to compute the table is the declination of the Head of Aries (6), which

52 See J. North [1967:71-83] and [1976:155-158]. In the first paper, North presents the
constraint, afterwards accepted by Mercier [1996:305], according to which the 90° should
be taken between the centre of the equatorial epicycle and the solsticial colure. In the
second, he seems to accept Mercier’s previous and subsequently abandoned opinion,
according to which the Head of Aries should be considered instead of mean Aries. In this
case, the model would have been similar to that used by Ibn al-Kammad.

' See J. Sams6 [1992:222-224],
* See R. Mercier’s account [1996;305-6] and J. Samsé [1992:222].
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goes from a minimum value for i=0° to a maximum value for i =90°%,

However, to compute a table for obliquities, we need 180° because the
minimum and maximum values are for j=0° and j=180°. But, even if the
table was designed for 180°, the error of starting the motion of the pole
from its €,,,, remains, because from first to second €,,,,, the pole does not
pass through both €,,, and €., but only through one of them. The text
consider$ that computing a table using the arc TM to complete the arc DT
has no utility (fa ida) because TM is not an adequate couple (zawj) for DT
due to the fact that the values for the obliquity in both arcs are
symmetrical. To calculate a table for the obliquity of the ecliptic for a
range of arguments of 180°, a second condition is necessary: to add arc ED
(instead of TM) to arc DT.

I1.4.[5] Then, the Head of Aries will go back to the place from which
the motion was initiated and reach point K, while the pole of the ecliptic
will have moved to point E, which corresponds to the minimum obliquity
of the ecliptic (e,,,)-

I1.4.[6-7] To deal with this problem Ibn al-Ha’im suggests a solution that
he had already proposed in the introduction: to place the beginning of the
motion of the Head of Aries at its maximum southern declination and,
therefore, the beginning of the motion of the pole of the ecliptic at its €,
i.e. to compute a table either from E to T and from K to H or from T to E
and H to K (Fig. 4). However, this would be correct only if the two
motions were the same, which, according to Ibn al-Ha’im is not the case,
as he has already shown in II.1 to 3.

* The terminology is, apparently, confusing. The text says that after having moved through
an arc of 90°, the Head of Aries will have attained "all its maximum declinations from
the equator" (jami® muynli-hi al-kulliyya “an mu‘addil al-nahar). Al-mayl al-kullf is the
obliquity of the ecliptic but in this case I assume it to mean the declination of the Head
of Aries. There is also the possibility that Ibn al-Ha'im was trying to say that in fact,
according to the relationship he will show in II.3, during these 90° the ecliptic would
have attained all its values for the obliquity. Certainly the ratio between the revolution
period of the pole of the ecliptic and that of the Head of Aries is not 2/1 (1;54,40°/1) but
the difference as far as the table is concerned will be negligible.
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2.1. A further commentary on the errors that Ibn al-Ha’im attributes
to Ibn al-Kammad

The criticisms we have just seen need a more extensive commentary. We
know of a reference to the fact that Ibn al-Ha’im had detected various
errors in Ibn al-Kammad'’s trepidation models. This reference is found in
the Nata’ij al-afkar ft sharh Rawdat al-azhar, one of the commentaries on
the Rawdat al-azhar fi ‘ilm wagqt al-layl wa-l-nahar (794/1391-92), the
urjiiza on timekeeping written in Fes by Abll Zayd “Abd al-Rahman al-
Lakhmf al-Jadiri (777-818/1375-1416)%. There are two anonymous copies
dated 1183/1770, although the annus praesens is 920/1515%, and another
copy, undated but probably written around the end of the 16th century, in
which the name of the author appears as Abii Zayd “Abd al-Rahman al-
Janati al-Nafawi®®. Most of the data in it are expanded on in the Kanz al-
asrar wa-Natd'ij al-afkar ft sharh Rawdat al-azhar by Abu’l-“Abbas al-
Mawasi al-Fast (d. 911H /1505). However, the reference to Ibn al-Ha’im
and Ibn al-Kammad is not found in the latter work. These commentaries
contain some interesting remarks which indicate that the trepidation theory
was no longer applicable®.

Until recently, we had no documentation that confirmed the error
attributed to Ibn al-Kammad by Ibn al-Ha’im. However, in a manuscript
in the Cathedral of Segovia® there is a medieval Castilian translation of
a chapter by Ibn al-Kammad dealing with trepidation, which gives a full

% Ms. 80 in the Maktabat al-Zawiyya al-Hamzawiyya (Ayt Ayache), fols. 203-220. This
manuscript is partially described in M. Mannini [1963], n. 157. A full description of it
is to be found in A. Alkuwaifi & M. Rius [1998].

5" On ms. Cairo K 4311, see D. King [1981];[1986]. See also ms. London British Library
Or 411.

* Maktaba Hamzawiyya 80, 228-334.
# See J. Samsé [1998] and M. Comes [1997].

o

Segovia, Biblioteca de la Catedral ms 115 fols. 218vb-220vb. "Yugaf Benacomed Libro
sobre ¢ircunferencia de moto”. See J.L. Mancha [1998], where the edited text appears
in pp. 8-10.
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explanation of the identity of the two motions. Its title, Libro sobre
circunferencia de moto sacado por tiempo seculo, seems to be a translation
of al-Kawr “ala al-dawr and/or al-Amad “ala al-abad.

The idea, stated in the Cathedral of Segovia manuscript, is the one we
have seen criticized by Ibn al-Ha’im. The motion of the pole of the ecliptic
around its polar epicycle is equal to the motion of the Head of Aries around
its equatorial epicycle. Furthermore, the former will start at its mean value
(Emean = 23;43°), that is when the pole of the ecliptic is either on M or D,
between its nearest distance (T) and farthest distance (E) to the pole of the
equator, and the latter will start when the Head of Aries is at the equator
(A) and the declination is 0°.

Hence, accession will result from the motion of the Head of Aries in one
half of the epicycle, while recession would occur in the other half and, at
the same time, the obliquity of the ecliptic will increase as its pole rotates
from the midpoint of one half of its epicycle to the other midpoint, and will
decrease in the other half.

When talking about the changing obliquity of the ecliptic and the motion
of the equinoxes, in his 7adhkira, Al-TisT introduces a difficult to
understand paragraph, that and has been edited and translated by J.
Ragep® as follows:

O Ay &y slaasyl ) r‘..a.u b Sy
Jeor are dladn JS & ound C.’J-‘J Glla ey
dpad Al (8 ASadl e eSd Bk A 500

(e JLlaYI ;:-:?‘ |_i|.um.|| : AS ol =29 JL:.#‘“
el qu it el (4o dS_,.‘v-Jl
Gradl 8 AS,adl (e d.n.e.l‘ wolin) &Y o

E ﬂ.\LIJJl Ja-?l

"One [some?] of them came to be satisfied with one mover for
both divergencies. This mover would cause the ecliptic orb to
move in such a way that every point on it moves about a small
circle. Accession would then result from the motion in one of its
halves, while recession would occur in the other half. [In

' J. Ragep [1993:1L.4[5]].
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addition], there would occur a decrease in the obliquity during
the motion from the midpoint of one of these halves to the
midpoint of the other half, while there would be an increase
during the motion in the other half".

However if we replace a single word, nugta (ilsis) "point" with qutb
(—dad) "pole", two words that are easily confused in Arabic, and of
course reading the verb as masculine instead of femenine, we have exactly
the same idea found in Ibn al-Kammad and criticized by Ibn al-Ha’im. It
is then clear that al-TusT is describing Azarquiel’s model, but in Ibn al-
Kammad’s version. Al-TusT also specifies that this is not his own opinion,
but the opinion of other people. This is usual in the Tadhkira, where al-
Tast often introduces ideas and opinions that he does not share in an
attempt to present everything he knows on a particular subject.

There are some other indications that al-Tisi knew about Azarquiel’s
trepidation and obliquity of the ecliptic models, and that he had access to
materials coming from Ibn al-Kammad. In a recent communication in
Tehran® I showed the existence of many points of contact between the
Maragha astronomers and those of the court of Alfonso X, amongst them
those related to Azarquiel. I will summarize them here:

1) J. Ragep® notes that in Theon’s theory of trepidation the solstitial
points are claimed to move, while al-TaisT modifies the theory as reported
by Theon in order to make it compatible with his general cosmological
perspective, in which it is the vernai equinox that défines the reference
system. To this we should add that, once again, al-Tis attributes this
modification to "some of the practitioners of this discipline”. Unlike
Eastern trepidation models, such as the models of Ibn Sinan or al-
Khazin®, in the Andalusi trepidation models derived from Azarquiel’s
models, the vernal equinox is precisely the reference point.

 See M. Comes [1998].
% J. Ragep [1993:Commentary 11.4 [1]].

® See Introduction 1.
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2) In his Tadhkira®, al-Tisi refers to a "maximum and minimum"
value for the obliquity that immediately recalls Azarquiel’s model,
especially if we take into account that according to al-Tiisi, the maximum
should be less than 24° and the minimum not less than 23;33° and
Azarquiel’s model gives a maximum of 23;53° and a minimum of 23;33°
precisely. Other authors defend a decreasing value, but Azarquiel is the

first one to give a model with a maximum and minimum parameters.

~ 3) J. Ragep also suggests the possibility that al-Tast was aware of the
-work of Azarquiel when he mentions an apparent recognition in the
Tadhkira that the solar apogee may have its own motion®, In fact Ibn al-
‘Shatir (Damascus, d. 1375) maintained that according to his observations
the solar apogee moved at a different rate from precession, an opinion that
coincides with Azarquiel, and is at variance with his own contemporaries
who thought that the solar apogee moved at the same speed as precession.
He also demonstrates his knowledge of the trepidation theory and the
corresponding models although he dismisses them because they do not
accord with the observations®.

3. On the errors detected by Ibn al-Ha’im in the "Muntakhab zij"

0.[10] Ibn al-Ha’im will show now how to test the errors found in the
Muntakhab zij, in which, according to him, Abii Marwan al-Istijji’s mean
motions were used some 150 years later by the aforementioned
contemporary of Ibn al-Ha’im.

Neither the Muntakhab zij nor Abi Marwan'’s zij are extant. However,
in his Risalat fr al-Tasyirat wa-Matarih al-Shu‘a‘ar® Abu Marwan
suggests the use of a certain ziju-na ("our zij"), which could be either a zij
of his own, and the source for the abovementioned Muntakhab zij, or the

% 3, Ragep [1993:11.4 [1]].

% J. Ragep [1993:Commentary I1.6 [1]].

 See G. Saliba [1994:235] and M. Comes [1997].

% Ms. Escorial n. 939, fol. 12r. See J. Samsé & H. Berrani [1999:296-298].
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Toledan Tables. However, as we will see in this chapter, Abii Marwan's
data, as quoted by Ibn al-Ha’im, do not agree with the trepidation
parameters in the Toledan Tables.

Ibn al-Ha’im uses the following procedure to determine that the
trepidation tables in the Muntakhab zij are not correct.

First, he gives the data on which Abii Marwan based his trepidation
model. Although he does not say so explicitly, I assume that Ibn al-Ha’im
is referring here to the model described by Abt Marwan in his Risalat al-
Igbal wa-I-Idbar, previously mentioned by Ibn al-Ha’im®, and which is
not extant either.

Abli Marwan’s values are different from Azarquiel’s and Ibn al-
Kammad’s and it seems that he probably used his own model, which differs
from all of Azarquiel’s three models: neither AN nor i coincide with the
data given by Azarquiel for his first and second models™. The data are
reproduced in Table 2.

Table 2
Azarquiel” Abl Marwan
Hipparchus AN 9;28,30° 9;38,40°
i 9% 22;32,12° 9° 23;42°
Ptolemy AN 6:;42,45° 6:50,40°
i 10° 19;01,30° 10° 19;23°

Entering with i in the tables in the Muntakhab zij, Ibn al-Ha’im obtains
adifference of about five minutes between Abi Marwan’s precession value
and the ones derived from the aforementioned zij. The values and
differences are the following:

@ See 0.[4].
™ On these parameters see J. Sams6 [1994: VIII/9-27].
" In Azarquiel’s third model.
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AX Muntakhab ~ Abi Marwan  dif.

Hipparchus 9;45,30° 9:38,40° 0;6,50°
Ptolemy 6;55,15° 6;50,40° 0;4,35°

This information requires a few comments:

1) The values obtained by Ibn al-Ha’im using the tables in the Muntakhab
zij are close to the ones of the second approach in Azarquiel’s 2™ model:

AN Azarquiel Muntakhab dif.

Hipparchus 9;45° 9;45,30° 0;0,30°
Ptolemy  6;57° 6;55,15° 0;1,45°

As Ibn al-Ha’im states that the Muntakhab zij contained the bulk of
errors found in Ibn al-Kammad’s al-Kawr ‘ala al-Dawr™, 1 have also
recalculated the AN, using the tables in al-Mugtabas. The values achieved
(c. 9;16,24° for Hipparchus and c. 6;53,9° for Ptolemy) show that the
tables in the two zijes are different.

2) As regards the increase of precession, determined by the estimated
difference between the two positions of Qalb al-Asad for Hipparchus and
Ptolemy’s times, we have the following differences:

Az.s.p & 1B? Az 2B™  Abi Marwan  Muntakhab

AN 247 2;48° 2;48° 2;50,25°

™ See the paragraph 0.[4].

™ The difference is based on the determination of the longitude of Qalb al-Asad used by
Azarquiel as starting point (s.p.) for his study of precession. 1B stands for Azarquiel first
model, second variant. See Samsd [1994:7, 26].

" 2B stands for Azarquiel second model, second variant. See Samsé [1994:26]
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According to J. Sams6”, the fact that for Abii Marwan the increase in
the value of precession between Hipparchus’ and Ptolemy’s times was
2;48°, very close to the difference between the corresponding longitudes
of the star Qalb al-Asad (2;47°) determined by Azarquiel, also seems to
point to a relationship between the two authors. And, in fact, as we can
see, the difference between Hipparchus’ precession and Ptolemy’s in the
second approach of the second model gives us exactly 2;48°. However, the
difference derived from the values obtained using the tables in the
Muntakhab zij is 2;50,25°.

3) As Sams6 & Berrani’ suggested that Abii Marwan could be one of the
authors of the Toledan Tables, 1 have tried to enter its trepidation tables
with 7 as argument. The result gives precession values which do not agree
with the ones that, according to Ibn al-Ha’im, proceed from Aba Marwan.

AN Toledan Tables Abu Marwan dif,

Hipparchus  9;49,30° 9;38,40° 0;7,52°
Ptolemy 6:58,33° 6:50,40° 0;10,50°

4) As far as P, is concerned and to recompute the table which supplies the
increase or decrease of precession in the Toledan Tables, 1 have used the
following approximation”:

sin P, = sin AN /sin i

From Abii Marwan’s parameters, I derived a P, of 10;32,53° (from
Ptolemy’s values) and 10;32,32° (from Hipparchus’). These values are also
different from P, = 10;45°, which appears in the Toledan Tables and the
Liber de Motu.

™5 See J. Sams6 [1994a:28].
™ See J. Samsé & H. Berrani [1999:296-298].
7 See J. Samsé [1994a:4].
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From the values Ibn al-Ha’im obtained using the tables in the Muntakhab
zij, 1 derived the following maximum increase of precession:

P, = 10;40,0,37°(P) / 10;40,1,54°(H).

Surprisingly enough, 10;40° is the P,,, found in Ibn al-Raqqam’s al-Zij
al-Qawim and in Abil ’1-Hasan al-Qusantini”®,

Using Ibn al-Raqgam’s table, the values obtained and the difference
between these values and the values obtained by Ibn al-Ha’im using the
Muntakhab zij are as follows:

AN Ibn al-Raggam AN Muntakhab  dif.

Hipparchus  9;45,30° 9;45,30° 0;0,0°
Ptolemy 6;55,56°"  6;55,15° 0;0,41°

As a conclusion, we can say that Abii Marwan’s parameters differ from
the other known parameters, although his determination of the increase of
precession between Ptolemy and Hipparchus coincides with Azarquiel’s.

Furthermore, his parameters are not related to those in the Toledan
Tables or the Liber de Motu, although this does not rule out his
intervention in the preparation of the Toledan Tables.

The parameters for Hipparchus’ and Ptolemy’s precession in the
Muntakhab zij, however, are very similar to those of Azarquiel’s second
approach in the second model.

Furthermore, it seems that the table for determining the increase or
decrease of precession in this zij may have coincided with the table found
in Ibn al-Raqqam’s al-Zij al-Qawim and in Abd ’l-Hasan al-Qusantini,
which also differ from the tables found in the rest of Azarquiel’s followers.

" See M. Comes [1996:360].

" It seems that there is a misreading here, either between 56" and 15" or previously in the
value of i.
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4. On the construction of correct tables for this motion®

0.[11] Tbn al-Ha’im computed [planetary] positions using al-Battani’s
equation tables and the value of precession calculated using the tables in the
Muntakhab zij. However, the observations of meridian transits (al-majazat
al-istiwa'iyya) did not agree with the positions calculated. There are major
differences between computation and observations in the periods of time
between two meridian transits. Such differences cannot be attributed to
observational errors. This is the kind of error one finds in modern books
on the subject. Ibn al-Ha’im states that somebody, whom I cannot identify,
but who according to him was a man who tried to reach truth through both
theory and practice, warned him of this.

In fact, Ibn al-Ha’im states that he has checked this trepidation motion
by using it in combination with al-Battani’s planetary equations. This
appears to be a reference to the Muntakhab zij which, according to 0.[4],
contained al-Istijji’s mean motion tables and al-Battani’s planetary
equations. It is logical to imagine that al-Istijji’s mean motions were
sidereal and that the computation gave sidereal longitudes to which
precession should be added, using trepidation tables of some kind. The
only information we have on these trepidation tables appears in 0.[10],
where, as we have seen, Ibn al-Ha’im states that the values of trepidation
obtained with the tables of the Muntakhab zij did not agree with the usil
used by al-Istijji. We may wonder whether the mean motion of the Head
of Aries in the Muntakhab zij was computed with a mean motion table
copied from al-Istijji. On the other hand, in my commentary to 0.[10] I
have also suggested that the table to calculate the equation of trepidation in
the Muntakhab zij might be the one we find in Ibn al-Raqqam’s Qawim Zij.

0.[12] Taking all this into account, Ibn al-Ha’im decided to devise his
own tables for the trepidation motion, after having studied what the
followers of this motion had said before him, as well as the errors made.
He creates a table called Jadwal al-juyiib li-mayl Ra’s al-Hamal. The
variables used are the following:

% On the possibility that the Kamil Zij had tables, see M. Abdulrahman [1996a].
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Angle of rotation around the epicycle.

Declination of a point of the epicycle from the equator.
r  Radius of the epicycle.

AN Accession or recession.

€  Obliquity of the ecliptic.

& =~

This table seems to be similar to the table found in Azarquiel, which
gives 6. However, the word juyizb appears explicitly in the title and hence
this table, which is not extant, would give "sin 8"* instead of "&".

So, Ibn al-Ha’im would have a table giving directly the sine of the
declination (sin 8). This table is also found in Ibn al-Raqqam’s al-Zij al-
Shamil®, composed to provide tables for Ibn al-Ha’im’s book, as stated
by the author himself.

In fact, what he needs is to determine is A\ (BD in Fig. 8). Hence, it is
not necessary to compute arcsin (r sin i) and devise a table for 6, as
Azarquiel does. The reason is that to calculate the accession and recession
value with the formula sin AN = sin 6 / sin €, he just needs sin §, which
is calculated according to the formula sin § = r sin i, used by Azarquiel®
and Ibn al-Ha’im.

0.[13] Once he has determined sin &, he devises a table to calculate AN
directly, but only for the accession motion, which occurs in the northern
side of the equator and between 0° and 6°. Ibn al-Ha’im explicitly states that
the table can be used for the second half of the equatorial epicycle, that is,
for recession, because in that case the errors would amount only to seconds
of arc. However, as this table will not be useful for a second revolution,
he recommends devising a new table using the sines of the new obliquities.

The explanation given by Ibn al-Ha'im, based on the relationship
between the revolution periods of the two motions, the motion of the Pole

' This is confirmed by VIL3.[1].
¥ See E.S. Kennedy [1997:56].
¥ M. Comes [1996:349-364].

Suhayl 2 (2001)



Ibn al-Ha'im’s Trepidation Model 323

and that of the Head of Aries, is found in I1.3.[1-3]%.

This passage is, then, only apparently contradictory: the motion of the
Head of Aries through an arc of 180° will take a long period of time (c.
2000 years) during which there will be important changes in the obliquity
of the ecliptic. The only explanation is that Ibn al-Ha’im’s equation table
takes into account the value of ¢ for each mean position of the Head of
Aries on the equatorial epicycle and, hence, using a different e for each
value of / and applying an expression of the type:

sin AN = rsini/sine

In fact, he will establish below (II.3.[1-3]) that while the Head of Aries
moves through an arc of 180°, the pole will have moved through 180° x
1;54,40°, that is 344°. This implies that the values for arguments between
180° and 360° will not be symmetrical to those between 0° and 180°. The
error will be small, but it will increase considerably when the Head of
Aries has completed a revolution, while the pole of the ecliptic will have
moved 688°: equivalent to two revolutions minus 32° (see below I1.[3].

0.[14] Here there is a rhetorical paragraph, not edited, in which the
author acknowledges the indebtedness of his work on this motion to
Azarquiel’s models. He outlines his exhaustive investigations and praises
the skill of Azarquiel and the excellence of his models and books.

Ibn al-Ha’im talks here about al-harakat al-mustadraka “alda al-qudama’.
The term al-mustadraka, which also appears when dealing with the lunar
model®, seems to have been used in al-Andalus to refer to the objections
made to different assertions of the ancients, mainly Ptolemy. In fact,
Saliba® has followed the use of this term in al-Andalus. He mentions a
lost treatise entitled Kitab al-Istidrak ‘ala Batlamiyiis, by an unknown
contemporary of Azarquiel. This book seems to be devoted to expounding

# See chapter 7 of this commentary.
¥ Al-ziyada al-mustadraka ‘ala al qudama’. See R. Puig [2000:76,91].
¥ For the implication of this term, see G. Saliba [1996:83-86 & 1999:3-25].
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the various problems that Ptolemy’s astronomical theories posed.

Ibn al-Ha’im then introduces the observations of different astronomers
of the position of Qalb al-Asad, the star most used for this purpose, due to
its proximity to the ecliptic.

Table 3
Positions of Qalb al-Asad
Ibn al-Ha’im Azarquiell Azarquiel2
Hipparchus 3* 29;50° 3¢ 29;39°% 3¢ 29:50°
Ptolemy <4:>2;30° 4% 2:269% 45 2;35°%
al-Battani 4° 14;00° 45 13;58°%
Ibn Barghiith 45 16;20°" | —emmemeee- 4° 16;200°%

Table 3 shows the values found in this paragraph and Azarquiel’s values
from his Book on the Fixed Stars. _

In this table, Azarquiell corresponds to Azarquiel’s calculations based,
according to Azarquiel himself, on Thabit b. Qurra’s "observed"” values,

7 Probably this value should read 3° 29;49°, and the error comes from taking 3;30° instead
of 3;40° as the basis for calculation for the solar apogee position related to the position
of Qalb al-Asad, between Hipparchus’ and Thabit’s epochs. In fact 3° 29;50° is a well
known value.

% The value in the Almagest 2;30°. See Toomer [1984:367] and Kunitzsch [1986:94-
95;266-267].

¥ This position is approximate and comes from deducting fom Azarquiel’s position (c.

136;35) a difference established between Azarquiel and Ptolemy of 14°.
% The value in al-Battani’s star table is 14°. See Nallino [1899:258].
* 16° in words and 16;20° in abjad.
* Tbn Yiinus (1032) determined a value of 4% 16;19°.

% If Azarquiel took this value from Thabit’s Tract on the Solar Year, we are dealing here
with Ma'mini’s observations, as stated by Morelon [1994:132-133] and Samso
[1994:VIIL8]. However the source is not explicitly stated in Azarquiel’s Book on the
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and taking into account the position of the solar apogee™. Azarquiel2
corresponds to the supposed observations of the different astronomers as
quoted by Azarquiel®.

Table 4 shows the increase in time between the various attested or
calculated observations.

Table 4
A of time between the various attested positions of Qalb al-Asad
At acc. Ibn al-Ha’im At acc. Azarquiel
Hipparchus - e
Ptolemy 287 from Hipparchus 285 id.
al-Battant 741% from Ptolemy 744 id.
Ibn Barghiith 171 from al-Battani 167 id.

In this table, the increase in time between the supposed observations
quoted by Azarquiel in his Book on the Fixed Stars is not explicitly stated
and has been deduced by researchers”.

According to Azarquiel, the dates of the observation were the following:
Hipparchus 150 BC; Ptolemy 137 AD; al-Battani 883 AD; Ibn Barghuith
1049-1050 AD. However, Azarquiel is confusing. He gives the data in
Arabic years but the increase in time between observations in Julian years,

Fixed Stars, and Azarquiel not only adds a paragraph praising Thabit’s skill and method
as an observer but also gives a value (4° 13;13°) that is different from the value found
in Thabit's Tract (4° 13;2°) and from that of Habash and al-Farghant (4° 13;15°) (Girke
[1988]). All this suggests that Azarquiel may have been using a different source.

% J.M. Millds [1943-1950:297-8].
% J.M. Millds [1943-1950:305,309-314].

% In the text the value is 941, which most probably corresponds to a confusion between 700
and 900, which is very usual in Arabic script.

9 I have used J. Sams6 [1992:236]. R. Mercier [1996:328] calculates the following
observation times: Hipparchus 145BC; Ptolemy 140AD and al-BattanT 884AD, which
gives intervals of 285 years and 744 years between the aforementioned astronomers.
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although this is not always stated in the text.

To devise the third model in the Book on the Fixed Stars”, Azarquiel
used the positions of Qalb al-Asad for different times, deduced from Thabit
b. Qurra’s values®, taking into account the motion of the solar apogee,
as was studied in chapter one of his lost solar treatise. According to him,
these deduced values are more reliable that the observed ones, because he
hold Thabit to be more reliable than anyone else.

As we can see, Ibn al-Ha’im’s values are exactly the values attributed by
Azarquiel to the different astronomers, except for al-Battani’s, which is not
in Azarquiel2 but is a rounding off of Azarquiell. The small differences in
the intervals of time probably correspond to the data from which the
calculations had been deduced.

At the end of chapter 5, Azarquiel determines that the star Qalb al-Asad
was at Leo 9;8° at the moment when AN = 0°, This is the value found in
all the following Andalust and Maghribi star tables entitled jadwal al-
kawakib min al-mabda’ al-dhatr and calculated for that moment. The
difference between this position (Leo 9;8°) and the position of Qalb al-
Asad determined by Ptolemy (Leo 2;30°) will give us the increase of 6;38°
on Ptolemy’s star positions found in all these tables'®,

0.[15] The motion affecting this star is what is called motion of
accession. The positions of the star indicate that the orb was in accession
(mugqbila) at these times. Finally, there is a long excursus, not edited in the
appendix, on the difficulties the other astronomers had found in
understanding this motion correctly, which ends with the explanations of
the different reasons why the author entitled his book al-Zij al-Kamil.

* J.M. Millds [1943-1950:295-300].
> On this see J. Sams6 [1994:7-8].

"% Goldstein & Chabis disagree with this; they maintain that these tables are calculated for
the beginning of Hijra and are not related to Azarquiel’s trepidation models. See
Goldstein & Chabds [1994:34-35] and [1996:325-330]. For other argumentations in
favour of a calculation for the moment at which the precession is 0°, see J. Sams6
[1997:107-110] and M. Comes [1991] and [1997].
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5. On the description of the accession and recession and obliquity
models

The first bab of the second magala deals with the description of the model
for the motion of the Heads of Aries and Libra in their equatorial epicycles
as well as that of the Pole of the ecliptic in its polar epicycle.

I1.1.[1] The description begins with an introduction in which it is stated
that the group of Toledan astronomers (al-jama‘a al-tulaytuliyya) reached
the conclusion - based on the information available to them about ancient
observations - that the difference between tropical year and sidereal year
(calculated using a zij based on the Indian astronomical tradition)
corresponds to the precession of the stars. There follows an ancient version
of the theory of trepidation, attributed to the Babylonians as in al-Biriini’s
Tafhim"'.

In the introduction to his Book on the Fixed Stars'”, Azarquiel
attributes this theory to Hermes and his followers, and differentiates it from
Theon’s theory, which he takes as a combination of precession and
trepidation, as did al-BattanT in his al-Zij al-Sabi"®. However, in chapter
6'™, Azarquiel attributes the theory to the "Hatelesmat" and says that this
was stated by Hermes in a book called Book on the Longitude. In chapter
4% he states that the opinion of the authors of the "Hind"'® was closer
to the truth than the opinion maintained by Hermes and the authors of the

. "Hatelesmat".

The last two lines of the page are badly damaged and impossible to read.

The parts of the missing sentence that can be read are the beginning: "The

"' On this version see J. Ragep [1993:397-398, 404].
12 J.M. Millas [1943-1950:277).

'3 See J. Ragep [1996:271-272].

1% 3 M. Millas [1943-1950:320].

105 7 M. Mills [1943-1950:304].

1% See Pingree [1972].
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orb advances 8°..."; and the end "... the ecliptic orb elevates and depresses
approximately the same quantity in this time". The whole sentence appears
in Azarquiel’s Book on the Fixed Stars (p. 277) as follows: "The orb
advances 8° and then goes backwards the same amount and the poles
of the ecliptic orb elevate and depress 8° alternatively"'”.

It is worth stating here that Ibn al-Ha’im is using the verbs irtafaa wa-
inkhafada, also used by al-Hashimi (c.890) in his Kitab fi “llal al-Zijat.
This confirms the opinion of E.S. Kennedy and D. Pingree that al-Hashimi
is referring to trepidation, although, as J. Ragep states, he cannot be
referring to the model of the Liber de Motu'®. Of course, al-Hashimi,
like Azarquiel and Ibn al-Ha’im, is talking about a simpler and older model
in which the 8° apply not only for the trepidation motion but also for the
motion of the pole of the ecliptic'®.

I1.1.[2] The group of Toledan astronomers, through the differences
found and the observations made, conjectured that the position of the
ecliptic related to the equator was changing and that the beginning of the
signs (mabda’ al-burij, i.e, the Head of Aries) moved around the equator,
sometimes north of it and sometimes south of it, with equal motions in
equal times. This, according to the author, explains the changes observed
in the velocity of the precession, which affects the fixed stars and the
different lengths of the tropical year, which in turn produce time
differences in the passage of the Sun through the equinoxes. After working
in this direction together and reaching complete agreement, the group of
Toledan astronomers devised three different models, although all of them

"7 Also on pages 280 ("the fixed stars advance 8° and then retreat the same quantity ... and
the same quantity corresponds to the elevation and depression of the poles of the ecliptic
orb") and 321 ("The poles of the ecliptic orb move up and down 8° and the beginning
of Aries advances 8° and retreat 8°"). Maybe this could be related to the fact that
although neither Ibn Sindn nor al-Khazin give any parameter for their models, a 4° radius
for the path of the ecliptic pole appears quoted by the commentators of al-Tasi's
Tadhkira. See J. Ragep [1993:404].

1% Ragep [1996:279].
'® Al-Hashimf [1:£.97r and p.225].
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agree that only one offers a perfect fit for the conditions provided by the
observations.

In the introduction to his Book on the Fixed Stars', Azarquiel
confirms Ibn al-Ha’im’s reference to the group of Toledan astronomers
working together on this subject. In chapter 6 of the same book'", he
also affirms that the third hypothesis offers all the conditions required for
the motion stated above.

I1.1.[3] Therefore, the description of the model devised and accepted by
the group of Toledan astronomers starts with the celestial sphere as it was
some 50 years before the Hijra, coinciding, according to Ibn al-Ha’im,
with the birth of the Prophet. At this time, the Head of Aries was on the
equator and tropical and sidereal longitudes were equal; so the two schools,
that of al-Hind and al-Mumtahan, coincide'”.

Ibn al-Ha’im is thus correcting Azarquiel'”, according to whom the
date of the birth of the Prophet, in which AN = 0°, would be some 40
years before the Hijra, a date also maintained by al-Marrakushi'*.

Here begins the description of the model properly speaking. The radius
of the equatorial epicycle will be approximately 4;8°, a rounding off of
Azarquiel’s third model radius (4;7,58°'"), which appears in the tables
of the Book on the Fixed Stars for the second accession and for the
declination of the Head of Aries (8)''. In fact, it is the related angle

"0 3 M. Millas [1943-1950:278].
"y M. Millgs [1943-1950:321].

"2 This paragraph is a summary of Azarquiel’s beginning of section 2. See Millds [1943-
1950:338].

13 3 M. Millds [1943-1950:338].

" On the different opinions about the presumed date of the birth of the Prophet, in which

AN = 0°, cf. J. Sams6 [1997:108 -109] and M. Comes [1997]. According to the Toledan
Tables AN = 0° for year 604. See Mercier [1996:306-307].

"3 In Ibn al-Raqq@m'’s al-Zij al-Shamil the value for the radius is 4;7,57°.
116 .M. Millds [1943-1950:336].
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arcsin of 0;4,19,26°', a value also found in the corpus of Book on the
Fixed Stars"®, attributed to Azarquiel by Ibn al-Ha’im in I1.2.[1] (as
4;19,26,8°"), and used in VIL4.[1] (0;4,19,26 as r/60). This parameter
is similar to the one used in the Liber de Motu (4;18,43°).

The model, as it was some 50 lunar years before the Hijra, is depicted
in fol. 26r and Fig. 5. It consists of'?’:

ART Ecliptic.
AHT Equator.
0 C_entre of the Universe.

7 §in 4;7,58° = 0;4,19,26,42°, r = 4;19,26° for R = 60 in the Hebrew text edited by
Millds.

"* According to R. Mercier [1996:328], this is the value as quoted in text. J.M. Millds
[1943-1950:318], states 4;19,26° on the basis of R = 60. This is also the value found in
the Hebrew manuscript.

"% Arcsin 0;4,19,26,8° = 4;7,57,27°.
1% For the transcription of the Arabic letters I have used E.S. Kennedy [1991-1992:21-22].
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Point at which the Head of Aries and the equator coincide.
A point at c. 4;08° from A, centre of the Aries equatorial
epicycle.

Radius of the equatorial epicycle.

Aries equatorial epicycle.

Libra equatorial epicycle.

Straight lines crossing at the centre of the Universe.

Pole of the equator.

Solstitial colure.

Angle corresponding to the obliquity of the ecliptic at that
moment.

Polar epicycle called in the text "Circle of the differences of
the obliquity"'*',

Centre of the polar epicycle (r = 0;10,20°), at 23;43° from
N, which is €.,

Pole of the ecliptic at its first €,,,,.

Pole of the ecliptic at ¢,,.

Pole of the ecliptic at its second €,,,,.

Also called "circle of the differences of the obliquity" > '2.
Obliquity of the ecliptic at that moment.

90°

Summer solstice.

From this initial position, at which the Head of Aries coincides with the
equator and the Pole of the ecliptic is at its medium distance from the pole
of the equator (€,,,) in direction to the minimum distance (¢,;,), the motion
in the equatorial epicycle will take place around the equator: first, on the
North side, eastwards (with regard to the equinox), and then, on the South

"! 1t seems that a number of lines are missing here, because there is no mention of the polar
epicycle, nor of the value of its radius. It looks like a "saut du méme 3 méme". A
suggested text appears inside angle brackets in the edition of the Arabic text.

* The lettering and values appearing in the following paragraphs of the text but missing in
this section are shown inside angle brackets.
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side, westwards (with regard to the equinox)'®. The East is identified in
the text with the place from where the Qabiil wind blows, and the West
from where the Dabiir wind blows'”. Obviously, he uses the names of
the winds in connection with the names of the motions al-igbal and al-
idbar. The description of the motion coincides with Azarquiel’s'”.

A similar reference can also be found in magala 5 bab 1, were Ibn al-
Ha’im states that when the sphere is mudbir, the equinox goes forward
towards the East, and when the sphere is mugbil, the equinox goes
backward towards the West'.

II.1.[4] Let us now consider that the two equatorial epicycles move
carrying the Head of Aries and Libra respectively. The Head of Aries in
arc AE® is on the northern side of the equator and to the east of the
equinoctial point, and the Head of Libra in TZK is on the southern side of
the equator and to the west of the equinoctial point. The pole of the ecliptic
will also have moved eastwards in the arc SC. Then the different positions
change, and the situation will be the following (Fig. 6):

Head of Aries

Head of Libra

Pole of the ecliptic at that moment
C  Obliquity of the ecliptic at that moment, corresponding to €,
HNC Solstitial colure
() Spring equinox

ZOoNO

' This interpretation is based on what the author says below in I1.1.[4] and II.1.[7].
' On the Cardinal Winds, see M. Forcada [1994] and D.A. King [1989].
125 See J.M. Millas [1943-1950:289-294].

1% See E. Calvo, [1998:[29]66]. The use of "accession" (mugbil) and "recession" (mudbir)
both for the equinox and the Head of Aries is also found in other sources related to
Azarquiel: for instance, in the Kitab al-Adwar fi Tasyir al-Anwar by Ibn al Baqqar. Ms.
Escorial, 418, fol. 237. A paragraph that seems to be Ibn al-Bagqar’s source is found in
Ibn Ishaq’s Zij. Ms. Hyderabad Andra Pradesh State Library 298, fol. 92.
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X Autumnal equinox'”’
&'?  Summer solstice at that time.

Fig. 6

I1.1.[5] As the motion continues, the positions change. The Head of
Aries moves in the circle AE® up to the point ®, which is northern at a
distance of 90° from the ecliptic; and the Head of Libra in TZK up to point
K, which is southern at 90° from the ecliptic. The pole of the ecliptic will
also move and arrive near the second €,,,. The different positions will then
be as follows (Fig. 7):

® Head of Aries

K Head of Libra

Q Pole of the ecliptic corresponding to the second €,
NQ Obliquity of the ecliptic when reaching €.,

27 At the equinoxes, the points © and I, on the ecliptic, and U and X, on the equator,
mentioned here for the first time, coincide.

' & is used here to express the combination ldm-alif not described by Kennedy [1991-
1992].
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V  Spring equinox
W Autumnal equinox
J  Summer solstice

Fig. 7

11.1.[6] The motion continues in the next quarter of the equatorial
epicycles (G and KL), and the Heads of Aries and Libra again reach the
equator at points G and L. The al-Hind and al-Mumtahan schools coincide
again at a moment in which there is no accession nor recession, while the
pole comes near its first €,

I1.1.[7] The motion continues in the same way in both halves of the
equatorial epicycles (GBA and LMT) as the pole rises to its €, At that
moment, the Head of Aries is in the southern half of the equatorial epicycle
and to the west of the equinox, while the Head of Libra is in the northern
half and to the east of the equinox. Exactly the opposite of the situation at
the beginning of the motion.

I1.1.[8] The motion in the two epicycles will be completed once the
Heads of Aries and Libra have again reached points A and T.
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The Heads of Aries and Libra, hence, will once again be in the position
in which they were some 50 years before Hijra when the trepidation value
was 0°. According, then, to Ibn al-Ha’im, the motion of the Heads of
Aries and Libra takes the solstitial colure with it and this implies that there
should be a connection between the two motions which justify trepidation
and the variation of the obliquity of the ecliptic, for the solstitial colure
passes by the different poles of the ecliptic moving around the polar
epicycles. However, if these two motions have to be connected, both
cannot be circular, unless the centre of the polar epicycle moves along a
limited arc of the circle around the pole of the equator.

11.1.]9] The motions of the equatorial and polar pairs of epicycles each
produce a pair of equal and opposed cones of a cylinder, whose bases are
the circles created by these motions, connected by straight lines through the
centre of the Universe. This idea comes from Azarquiel’s description of his
third model, although Azarquiel refers only to the cones produced by the

accession and recession motion in the corresponding epicycles'™.

6. On the parameters of the motion of the Head of Aries and the Pole
of the Ecliptic

Bab 2 of magala 11 is entitled "On the quantity of the motions of the Head
of Aries, the Pole and the Centre in their circles and the times of their
return to the initial points". We will exclude the references to the centre of
the solar eccentric, whose values, with the exception of the parameter of
its motion for Julian years (0;6,27,42,33), are confirmed in Magala IlI,
bab 3 edited by E. Calvo in her paper on the model of the Sun in Ibn al-
Ha’im’s zij'°, although she does not edit or comment on the references
to the Sun found in the present chapter.

I1.2.[1] There is no general agreement among the astronomers who
established the parameters and periods of revolution. Azarquiel fixed the

1. M. Millds [1943-1950:289].
10 See E. Calvo [1998:56-58/89-90].
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radius of the equatorial epicycle at 4;19,26,8°. This parameter is,
according to Ibn al-Ha’im, the most accurate of those established by
Azarquiel. The value, quoted by Ibn al-Ha’im, coincides with the radius
stated by Azarquiel himself in his Book on the Fixed Stars (4;19,26°), and
is even more precise™'. As for the rest of Azarquiel’s data that have
reached him, Ibn al-H3’im considers that they show a variety of
imperfections.

Furthermore, Ibn al-Ha’im states the following: "When we examined the
question in the pages (suhuf) of him (Azarquiel) that were available to us
related to this question [...] we found that they disagreed with the
foundations (usil) which were the basis of our knowledge. This compels
us to review the whole question in order to correct him, especially in
relation to the motion of the pole. The results calculated by him concerning
the values of the obliquity for the times of the observations are different
from those actually observed by him and by others. The difference is not
small. Therefore, we cannot build our results on this basis, not even in an
approximate way, for it produces important changes in the distance
between the Head of Aries and the equinoctial point”.

This paragraph seems to suggest that Ibn al-Ha’im was working on the
basis of some papers written in Azarquiel’s own hand, whose contents may
be slightly different from the ones in the Book on the Fixed Stars. This
would explain the fact that the parameters that Ibn al-Ha’im quotes as
Azarquiel’s are sometimes more exact or accurate than the parameters of
the Book. Furthermore, in Ibn al-Ha’im’s Zij Roser Puig has also found
a reference to the fact that our author saw some writings on Azarquiel’s
observations of the motion of the Moon in Azarquiel’s own hand'*.

I1.2.[2] Ibn al-Ha’im’s own values are then stated. First of all he
determines the ratio (nisba) concerning the time elapsed between the
observations of Ptolemy, al-Battani'* and Azarquiel, as follows:

P! See 111 [3].
" ala ma wajadna la-hu bi-khatt yadi-hi. See R. Puig [2000:76-77, 91, n.[25].

'3 Jabir, in the manuscript.
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Ptolemy-Battani/Battani-Azarquiel = 3;50,29°/17

The proportion requires a few comments: in his Book on the Fixed Stars
Azarquiel also states this relationship, and extends it to the relationship
between the observations of Hipparchus, Ptolemy and al-Battani.
According to Millas™, the ratios are the following:

Hipparchus-Ptolemy/Ptolemy-Battani= 1°/2;36,37,53,40°
Battani-Azarquiel/Ptolemy-Battani= [1]7/[2];40,28,47,20°'%

The first of Azarquiel’s ratios presents no problems at all. If we adopt
the dates of the "observations" of Qalb al-Asad calculated by Mercier'*
(Hipparchus 17/2/-145; Ptolemy 4/3/140; al-Battani 19/3/884), we have
the following ratio: 17/2;36,37,53,41°. As the fourths are stated in the text
as 2/3 instead of 40, we have a very good approximation. The only
correction required is the one stated by Millas for the degrees.

However, the Hebrew manuscript is confusing in relation to the second
ratio’””: to begin with, the integer parts do not appear in the text. Millas
corrected the integer parts to [1] and [2], furthermore, the 40 minutes
appear only in the margin of the manuscript; the seconds are corrected by
Millas from 25" to 28"; the 47 thirds appear in the manuscript as fourths
and the 20 fourths appear as fifths, without any mention of the thirds.

Millas’s correction (1°/[2];[40],28,47,20°) would give a difference of
279 years between al-Battani and Azarquiel, which would place Azarquiel’s
observations of Qalb al-Asad around 1165, i.e. almost one century after his
time. Azarquiel uses Julian years when talking of time differences and this
should also be applied to the relationships.

Considering that Azarquiel himself places his observations in 1074-1075

13 See J.M. Millas [1943-1950:315].
"% Neither of the integer parts are stated in the text.
136 See R. Mercier [1996:328].

7 1 owe the readings of the Hebrew manuscript to T. Martinez.
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and Mercier’s calculation places them in 1076, we have to accept a
correction for this parameter.

The first suggestion would be to correct Azarquiel’s parameter on the
basis of Ibn al-Ha’im’s. If we suppose the integer parts to be 3° instead of
2P, and keep the 28", corrected by Millas, we would have a difference of
about 203 years, meaning that Azarquiel’s observations should be placed
around 1087. If we also correct the 40’ to 50°, and forget about the fact
that 47 are fourths in the manuscript, this would give us a difference
between al-Battani’s time and Azarquiel’s of 193 years, which places
Azarquiel’s observations around 1077, fitting the known data fairly well.
Furthermore, 3;50,28,47,20° seems to correspond to Ibn al-H#’im’s
rounded off value [3;50,297].

The problem is that the aforementioned correction involves a great
number of changes. There is a second possibility, which is closer to the
manuscript reading. If we accept that between Ptolemy and al-Battani the
difference of time is, as stated in the above ratio, 744 Julian years, and the
difference between Azarquiel and al-Battani 196 Julian years, we have a
ratio of 17/0;15,47,20°. This difference would place Azarquiel’s
observations around 1080. This may also be a valid reading, although it
involves several changes: to apply a correction from 25" to 25’ and
from 25’ to 15°; and forget the 40’ in the margin as well as the fact that 47
and 20 may be thirds, fourths or fifths, which is not clear in the
manuscript.

The third possibility would be to suppose the integer parts to be 3° and
maintain the rest of the data in the manuscript. We will then have
3;40,25,0,47,20° which will give us a difference of 202 years between al-
Battant and Azarquiel, placing Azarquiel’s observations in 1086, exactly
10 years after the data calculated by Mercier, and 11 or 12 years after the
data stated by Azarquiel himself.

It seems that the first possibility is more reasonable, mainly if we take
into account the exactitude of Ibn al-Ha’im when quoting Azarquiel’s
words and parameters.

% .M. Millds [1943-1950:315] corrects 28" to 25", although in the manuscript it appears
as 25"
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I1.2.[3] Afterwards, Ibn al-Ha’im determines the revolution periods'®:
a) Head of Aries: (Julian years) = 3874 y. and 3 and ca. 1/2 months.

From this revolution period, which is approximate, we can derive a daily
value of 0;0,0,54,57,3,5,42° very close to the parameter given by Ibn al-
Ha’'im himself (0;0,0,54,57,3°) and quoted in I1.2.[4]. The parameter
derived from the mean motion values (0;0,0,54,57,2,41°) also fits the
value stated.

The value given by Azarquiel is 3874 Julian years. As always, Ibn al-
Ha’im follows Azarquiel but is more precise in the parameters.

From Azarquiel’s revolution parameter, we obtain a daily value of
0,0,0,54,57,17,38,5°, very close to the parameter derived from mean
motions in Persian and Julian years (0;0,0,54,57,17,38,4°). The parameter
for Persian years agrees to the sevenths with the parameter for Julian years,
whenever we use the value stated for 1 Persian year; if we correct this
value on the basis of the values for 10 and 100 Persian years we obtain
0;0,0,54,57,7,46°. Arabic years show a different parameter, a problem
which has been studied in depth by Mielgo'®.

b) Pole of the ecliptic: (Persian years) = 2032 y. and c. 29 days.

This value is once again approximate and gives a daily parameter of
0;0,1,44,50,20°, very close to the parameter given by the same Ibn al-
Ha’im (0;0,1,44,49°) and also quoted in I1.2.[4].

The value given by Azarquiel is 1850 Julian years. Here Ibn al-Ha’im
is correcting Azarquiel. Similar corrections in the parameters of the
obliquity of the ecliptic model will appear in almost all of Azarquiel’s
followers, because after Azarquiel’s time, the obliquity was still decreasing

""" The values are very close to those of Azarquiel and the rest of his followers, although the
basic parameters seem to have been slightly modified. Azaquiel tables are calculated for
Arabic, Persian and Julian Years.

0 See H. Mielgo [1996].
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and the parameters had to be modified in order to fit the observations'¥.
According to Ibn Ishaq and Ibn al-Raggam, to make a complete revolution
the pole of the ecliptic needs 2698 Julian years.

I1.2.[4] From the revolution parameters he obtains the following
motions:

a) Head of Aries:

(Julian year) = c. 0;5,34,30,45,40°
(Persian year) = c. 0;5,34'2,17,1,24°
(Arabic year) = 0;5,24,32,43°
(Daily) = 0;0,0,54,57,3°

The values stated by Azarquiel for the mean motion of the Head of Aries
are:

(Julian year) = 0;5,34,32,16,36°
(Persian year)= 0;5,34,18,32,16,35°
(Arabic year) = 0;5,24,32,23,21,40°
(Daily) = not stated.

b) Pole of the ecliptic

(Julian year) = c. 0;10,38,4,43,3°
(Persian year) = 0;10,37,38,30,45,48°
(Arabic year) = c. 0;10,19,3,56,16,48°
(Daily) = 0;0,1,44,49°

Ibn al-Ha’im’s daily motion of the Head of Aries, recalculated from
Persian and Julian years, is slightly different from the daily motion

" See M. Comes [1996].
“2 In ms. 44
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recalculated from Arabic years. The difference starts in the sixths.

(Daily motion from Persian year) = 0;0,0,54,57,2,41,48°
(Daily motion from Julian year) = 0;0,0,54,57,2,41,45°
(Daily motion from Arabic year) = 0;0,0,54,57,2,43,33°

This also happens with the motion of the Pole of the ecliptic. The
difference also starts in the sixths.

(Daily motion from Persian year) = 0;0,1,44,49,4,14,17°
(Daily motion from Julian year) = 0;0,1,44,49,4,14,6°
(Daily motion from Arabic year) = 0;0,1,44,49,4,6°

Similar differences are also found when recalculating Azarquiel’s daily
value for the motion of the Head of Aries'®, although in this case the
difference starts in the fourths.

(Daily motion from Persian year) = 0,0,0,54,57,17,38,4,1°'%
(Daily motion from Julian year) = 0;0,0,54,57,17,38,4,11°
(Daily motion from Arabic year) = 0;0,0,54,56,59,24,2,50°

However, in Azarquiel’s motion of the Pole of the ecliptic'®, the
difference does not start until the sevenths.

3 On the differences between the daily parameter derived from Azarquiel's Arabic and
Persian/Julian years, see H. Mielgo [1996:172-178]; and M. Comes [1996:357-359].
Mielgo worked on the assumption that Millds’s edition was correct; though there are
several misreadings, the differences do not change the main idea of Mielgo’s paper.

1 As corrected by Mielgo [1996:174-178].

5 There is a mistake in Millds’s translation of the Hebrew text. I have used the correct
value which is the one that appears in the tables edited by Millds [1943-1950:329]
(0;11,19,40°), different from the value stated in the translation for 1 Arabic year, p. 327
(0;10,19,59,39,40°). From the values for 10 and 100 years in the text the daily value
recalculated is 0;11,19,39,59,39,40°, which corresponds exactly to the value stated in the
Hebrew text, rounded off in the table to 0;11,19,40°
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(Daily motion from Persian year) = 0;0,1,55,4,42,42,5,44°
(Daily motion from Julian year) = 0;0,1,55,4,42,42,5,35°
(Daily motion from Arabic year) = 0;0,1,55,4,42,42,4,17°

As we have seen, Ibn al-H3’im’s parameters do not coincide with
Azarquiel’s nor with the values found in the rest of Azarquiel’s
followers'. However, this is not surprising; Ibn al-Ha’im himself states
that he determined new parameters on finding substantial differences
amongst his predecessors. Ibn al-Ha’im is just accepting some of the old
parameters, and in the case of the trepidation model he considers only
Azarquiel’s radius of the equatorial epicycle as correct. Ibn al-Ragqam'"’
will also introduce slight corrections to Ibn al-Ha’im’s parameters.

7. On the impossibility of constructing an everlasting table to determine
Al

Bab 3 of magala 11 deals with the relationship between the revolution
periods of the Head of Aries and the pole of the ecliptic.

I1.3.[1] According to Ibn al-Ha’im, the ratio (&ws) of the velocities
is approximately the following: Rev. Pole/Rev. Aries = 1;54,40/1. Then,
the revolution period of the pole of the ecliptic is almost twice the
revolution period of the Head of Aries, the difference being only 0;5,20.

I1.3.[2] From this difference, Ibn al-Ha’im calculates the relationship
between the recurrences of both motions, using different procedures. First

of all taking a revolution to be 60, he has:

11 revolutions and 1/4 for the Head of Aries.

"¢ On the parameters used by the different astronomers dealing with trepidation, see M.
Comes [1996:357-363]. See also J. Sams6 & E. Millas [1998:262].

" M. Abdulrahman [1996b:51].
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21'*® revolutions and 1/2 for the Pole of the ecliptic.

In effect, 60/5;20 = 11;15 and 11;15 X 1;54,40 = 21;30.
Then he uses the term "bst"'®, which means that he reduces the
aforementioned values to a common denominator, obtaining:

45 revolutions for the Head of Aries.
86 revolutions for the Pole of the ecliptic.

We can see that 11 1/4 = [(11xX4)+1]/4 = 45/4 and 21 1/2 =
[(21X2)+1]/2 = 43/2. Then, multiplying both fractions by 4, we have 45
and 86, which are the minimum value of entire numbers which keep the
same ratio as that of the two velocities.

He then repeats the operation giving the revolution the value of 360°
instead of 60P. Therefore the ratio 5;20/60 becomes 5;20/60 X 360° =
32°, which means that the pole of the ecliptic will miss completing two
revolutions by 32° (360° X 2 - 32° = 688°), while the Head of Aries
performs one revolution.

Furthermore, 360° / 32 = 11;15° and he repeats here that 11;15
revolutions of the Head of Aries would correspond to 21;30 revolutions of
the Pole.

He then uses again the term "bst", meaning to reduce an entire number
and a fraction to a common denominator, and he obtains:

180 revolutions for the Head of Aries
344 revolutions for the Pole of the ecliptic

In effect, 1;54,40 = 1 + 54/60 + 40/3600 = 6880/3600 = 344/180.
However, 180 and 344 are not the minimum entire numbers in the
aforementioned ratio of velocities, although if we simplify the ratio

'% 22 in the manuscript: this is obviously incorrect because the ratio would be more than
double; furthermore, 21 is explicitly stated at the end of this very same chapter.

' Ibn al-H’im uses "bst", which, according to Souissi [1968:90-92], in a mathematical
context means to reduce an entire number and a fraction to a common denominator.
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180/344, we obtain 45/86 as before. Of course, the 344 revolutions can
also be deduced from the previous step: 360 - 32/2 or 688/2.

This is the proof he needed to demonstrate that it is impossible to
construct an everlasting table to determine AN. The reason is that the table
will only again be useful when the Head of Aries has completed the 45
revolutions, which, bearing in mind that the Head of Aries completes a
revolution every 3874 years, gives us 174330 years, a period too long to
be considered.

I1.3.[3] According to him, Azarquiel, Abil Marwan and the Qadi Abi
’1-Qasim Sa°id understood this impossibility and this is why there are no
tables of this kind in their works.

However, the trepidation tables in the Liber de Motu and in the Toledan
Tables give directly the precession value. This suggests two possibilities:
that neither Abli Marwan nor S@°id or Azarquiel were the authors of the
Toledan Tables or that the trepidation tables were a later addition. This
latter option, however, conflicts with Mercier’s proved opinion that these

tables were designed to work only with the Toledan Tables'.

11.3.[4] Ibn al-Ha’im states that more recent authors, amongst them Ibn
al-Kammad and some contemporaries of Ibn al-Ha’im, were unaware of

this and mistakenly prepared everlasting tables for AN"' and believed

that the two motions coincide'.

8. On how to determine ¢ using the corresponding tables

Bab 1 of magala 111 is devoted to determining the obliquity of the ecliptic
using the corresponding tables.

"% Mercier [1996:299].

"' Tbn al-H&’im himself prepared tables for the motion of the Head of Aries and the Pole
of the ecliptic, but to be used for a limited period of time. See 0.[13].

12 See 0.[6-7].
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II1.1.[1] It involves the use of two tables: 1) a mean motion table for the
motion of the Pole of the ecliptic around its epicycle, then giving angle j;
and 2) a table for the different values of obliquity in which the argument
is . The procedure suggests the use of seconds, which do not appear in all
the obliquity tables -al-Marrakushi’s'” for instance- and corresponds
exactly with Azarquiel’s model.

9. On how to determine the A\ using the corresponding tables

Bab 2 of maqala 11l deals with the use of the tables to determine the
distance between the Head of Aries and the spring equinox, that is the
accession and recession motion.

I11.2.[1] Ibn al-H&@’im uses two tables (See Fig. 9):

a) a table for the mean motion of the Head of Aries (angle i).
b) a table giving directly A\, using angle / as argument.

The first table calculates the motion of the Head of Aries in its epicycle,
while the second one computes the distance between the moving Head of
Aries and the equinox, which corresponds to the increase or decrease of the
longitude due to accession and recession motion. The second table is
calculated to the precision of seconds. The result should be added to or
subtracted from the sidereal longitude of the star or planet, depending on
whether the equation is positive (igbal) or negative (idbar).

Although he is describing Azarquiel’s third model, he does not use the
tables and the procedure given by Azarquiel but the ones found in the Liber
de Motu and the Toledan Tables, and used by most of Azarquiel’s
followers such as Ibn al-Kammad, Ibn Ishaq al-TiinisT, Ibn al-Banna’, Abu
’l-Hasan al-Murrakushi, Abd ’lI-Hasan al-Qusanfini, Ibn °Azziz al-
Qusantini, Ibn al-Raqqam and the authors of the Barcelona Tables'™.
The main difference is that Azarquiel does not have a table giving AN

15 Gee M. Comes [1996:362-3].
154 See at this respect M. Comes [1996:356-362].
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directly, but uses an indirect procedure involving a number of
calculations',

As we have seen, the use of a table that gives A\ directly seems to be
precisely what he has been criticizing in Ibn al-Kammad and some of the
astronomers of his own time'®. Howeveas I understand it, what he is
criticizing is not the use of the table for a short period of time whenever
great accuracy is not required, but the use of an everlasting table.

I1.2.[2] In fact, he is merely explaining how to use a table of this kind
but warning the user that when the mean motion of the Head of Aries is
greater than 6 signs the approximation obtained is worse.

We have to take into account that the tables are calculated using a fixed
obliquity, while the calculation with the formula allows the use of the
obliquity corresponding to any moment.

In magqala 7, babs 3 and 4 he will explain how to determine the A\
exactly.

As we will see, in the corresponding commentary'’, he will use the
same procedure and trigonometrical formula as Azarquiel.

10. On how to determine the minimum obliquity from an observed
obliquity

In magala VII, bab 1, Ibn al-Ha’im uses a procedure of spheric
trigonometry to determine ¢, from a given observation of the obliquity of
the ecliptic.

The model for the obliquity of the ecliptic described by Ibn al-Ha’im is
Azarquiel’s. It is depicted in fol. 81r'%, partially erased by moisture; it
is also shown in Fig. 3, and described in VII.1.[4].

15 See J. Samso [1994:22-25].
' See E. Calvo [1997] and J.L. Mancha [1998:6].
57 See VI3, [1-4].

" In the figure appearing in the manuscript, letters B and G are interchanged. 1 have

corrected this mistake following the description of the model found in VII.1.[4].
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VII.1.[1] Consists of a set of instructions for obtaining ZA. Following
Azaquiel, Ibn al-Ha’im uses here the cosine theorem formulated in al-
Andalus by Ibn Mu‘adh in his Kizab Majhalar Qisi al-Kura'™ and by
Jabir b. Aflah in his Islah al-Majisti'®.

First, Ibn al-Ha’im obtains ZD, using the angle of rotation around the
polar epicycle at the moment of the observation, the radius of the polar
epicycle, and the observed obliquity. The procedure is as follows:

Sin BG = 60 X sin BG;
0;0,10,20° x Sin BG = 0;10,20° X sin BG

In order to obtain the arc of great circle GD, he operates:
GD = Sin" (0;10,20° x sin BG)

He then obtains Cos GD, which will be a divisor (imam) in the final
formula:

Cos ZD = Cos ZG X 60/ Cos GD

At this point in the text there seems to be a mistake or a copyist’s error,
for it states that we should obtain the arcsine (instead of the arccosine) of
ZD.

Then, Ibn al-Ha’im gives the instructions for obtaining AD, again using
the motion of the pole (Cord j for j < 180°) or (Cord (360° - j) for 180°
< j < 360°) and the radius of the polar epicycle.

Cord AG = 60 X cord AG
0:0,10,20° x Cord AG = 0;10,20° cord AG

In order to obtain the arc of great circle AG, he operates:

¥ On Ibn Mu*adh’s trigonometry see M.V. Villuendas [1979] and J. Sams6 [1980:60-68].
190 Gee R. Lorch [1975:38] and J. Samsé6 [1980:64].
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AG = Cord"! (0;10,20° X cord AG)
He then obtains Cos AG, which will be used in the final formula:
Cos AD = Cos AG X 60/ Cos GD

As above, the arcsine of AD is used instead of the arccosine.

Finally he obtains ZA, which is the desired minimum obliquity, that is
to say the minimum distance between the pole of the ecliptic and the pole
of the equator, through a simple subtraction (ZA = ZD - AD).

The Ttadius given by Ibn al-Ha’im is 0;10,20° (0;0,10,20 X 60'%")
which does not correspond exactly to Azarquiel’s r = 0;10°. However, as
we have seen in I1.2.[1], Ibn al-Ha’im does not consider Azarquiel’s radius
of the polar epicycle as one of the correct values, so it is not strange to find
it corrected.

VII.1.[2] By the usual formula wa-[-‘illa fi dhalika, he introduces the
description of the figure as follows:

AGB Polar epicycle

BAZ Arc of a great circle passing through the centre of the polar
epicycle, the pole of the equator and point A

Z Pole of the equator

A Pole of the ecliptic at its minimum distance'® from the pole of
the equator (AZ = €.,

B Pole of the ecliptic at its maximum distance from the pole of the
equator (BZ = ¢,,,)

G Pole of the ecliptic at a given moment

ZG Arc of a great circle from G to the pole of the equator (Z), that is
the distance between the two poles at the given moment =
observed €.

16! Both Azarquiel and Ibn al-Ha'im insist repeatedly that they use R=60. See VIL4.[1].

"2 The text states merely "distance from the pole of the equator”.
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AZ  Minimum obliquity of the ecliptic (¢,,,)

VII.1.[3] Furthermore, he determines that if we know an observed
obliquity, the desired minimum obliquity, that is ZA, is also known. He
describes the triangles he needs to solve and adds the following:

AG Arc of a great circle, represented in the drawing by the chord AG
GD Arc of a great circle perpendicular from point G to the arc of great
circle AB, represented in the drawing as a stright line

VII.1.[4] The known data are the following: BG (derived from AG); Sin
BG = DG; ZG (known by observation); R = 60 and r (radius of the polar
epicycle = 0;10,20°).

VII.1.[5] He shows here how to solve the right angled triangle ZGD,
made of arcs of great circles, in which D is the right angle. He uses the
cosine theorem to determine ZD: cos GZ/cosZD = cos GD/sin 90° (the
formula used in VII.1.[1]).

VII.1.[6] He then solves the right angled triangle AGD, using the known
data, in order to determine AD. The procedure used here, as elsewhere, is
extremely careful: arc AG of the equatorial epicycle is known (for r =
0;,10,20), we can thus calculate chord AG (for R = 60) and obtain, from
a table of chords, the arc AG of a great circle of the sphere.

VIL.1.[7] From these known data, he again uses the cosine theorem to
determine AD: cos AG/cos GD = cos AD/sin 90° (the formula used in
VIIL.1.[1]). Then, he only needs to subtract AD from ZD to obtain ZA, the
desired minimum obliquity.

11. On how to determine the obliquity (¢) corresponding to a given
moment

Magala V11, bab 2, shows how to determine the obliquity of the ecliptic
for a given moment.
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VII.2.[1]-[4] The procedure is the same as before but in the reverse
order. First of all he uses the cosine theorem to solve the right angled
triangle AGD.

The known data are as before: AG, and consequently BG, which implies
that DG, being the sine of BG, is also known. With this he determines DA,
using the same procedure as in VII.1.[1],[6].

Afterwards, he uses right angled triangle DZG. Here, the difference is
that instead of knowing the hypotenuse and one side and then determining
the other side he knows the two sides and has to determine the hypotenuse.

The known data are: ZD, which is ZA (¢,;,) plus DA, the value above
determined and DG, being the sine of BG.

To determine ZG, that is, the hypotenuse, he uses the relationship
mentioned in VII.1.[5], based on the cosine theorem. ZG will correspond
to the desired obliquity for a given moment.

This is exactly what Azarquiel does in his Book on the Fixed Stars'®,
where he also solves the same two right angled spherical triangles'® to
determine the obliquity of the ecliptic, using as known data the maximum
and minimum obliquity and determining the obliquity for a given moment.
He uses the same theorems as Ibn al-Ha’im, but more than a century
before, more or less at the same time as or slightly after ITbn Mu“adh,
without specifying the procedure and the relations as Ibn al-Ha’im does.
Azarquiel is just showing that in right angled spherical triangles, once one
of the sides and the hypotenuse are known the other side is known; and
once the two sides are known the hypotenuse is known, which implies the
use of spherical trigonometry as in Ibn al-Ha’im’s text.

12. On the knowledge of "al-igbal al-awwal"

Bab 3 of magala V11 deals with the determination of the igbal al-awwal,
which computes AN, that is the positive or negative amount of precession

"7 1. M. Millas |1943-1950:330].
" According to Ibn al-H&'im "min qisty dawa’ir ‘izam" and following Millds’ translation

of Azarquiel's Hebrew text "Arcos de circulo grande" (Arcs of great circles).
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for a given moment, which is not found tabulated in Azarquiel. The title
introduces for the first time the notion of accession and recession
"perceptible by the senses" (mahsiis) in contrast with the title of bab 4,
dealing with al-igbal al-thani, in which the accession and recession 1is
"perceptible by the intellect” (ma‘qul).

Azarquiel also refers to al-igbal al-awwal as perceptible by the senses;
however, he considers al-igbal al-thani as the "true" ighal wa-idbar of the
Head of Aries, that is the motion of the Head of Aries not in its equatorial
epicycle, and hence in the ecliptic, but projected onto the equator.

The astronomers who follow Azarquiel’s trepidation model consider that
the outermost orb (al-agsa) has two motions, one tropical and perceptible
by the senses (tabi‘ hissi) and the other sidereal and perceptible by the
intellect (dhati ‘aqli)'®.

VII.3.[1] This paragraph corresponds almost verbatim to a paragraph in
chapter 8 of Azarquiel’s Book on the Fixed Stars'® and explains the use
of the table for the declination of the Head of Aries.

Should we want to calculate the accession or recession for a given
moment, we will take as argument the mean motion of the Head of Aries
and use it to enter the table of "declinations" in Azarquiel, or "sine of the
declination” for Ibn al-Ha’im'®". If the argument is between 1° and 180°,
& will be northern; on the other hand, between 180° and 360°, it will be
southern. Then, we should apply the formula:

sin AN = sin & X 60 / sin ¢

If i is between 1° and 90° or between 270° and 360°, the Head of Aries
is moving towards (mugbil) the north, while in the rest of the epicycle it is

195 This terminology is found in Ibn al-Raqqam’s al-Zj al-Shamil fi Tahdhib al-Kamil,
chapters 72 and 73, taken from Ibn al-Ha'im, but also in his al-Zjj al-Mustawfi (chapter
17) and other sources such as Ibn Ishdq’s zij (Hyderabad, fol. 92) and Ibn al-Baqgqar’s
Kitab al-Adwar (fol. 139v).

16 Gee J.M. Millas [1943-1950:335-337].
167 See in this regard 0.[12].
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moving towards (mugbil) the south. If the declination is northern, the
accession and recession (ighal and idbar) -one should understand the
position of the Head of Aries- are to the east of the spring equinox and the
Head of Aries will be forward (mutaqaddima) towards the East, but if the
declination is southern, the accession and recession (ighal and idbar) will
be to the west of the equinox while the Head of Aries will be backward
(muta’akhkhira) towards the West'®.

If we follow Azarquiel’s and Ibn al-Ha’im’s instructions for calculating
AN step by step, the only difference we find is that Azarquiel uses one table
for the declination and another one for sines, while Ibn al-Ha’im’s table,
as we have seen, gives the sine of the declination directly.

VIL3.[2] Introduced as is customary by the formula wa-I-illa i
dhalika, this section presents the trigonometrical explanation. To begin
with, we find the description of the model, which corresponds to
Azarquiel’s geometrical description of chapter 8'®. The lettering in the
figure that appears in the manuscript (81v) does not correspond to the
description of the text. I have reproduced it as Fig. 8, although I have
followed the lettering in the text:

ABG Equatorial epicycle

AG  Diameter of ABG

B Head of Aries at a given moment

BZ  Arc of a great circle perpendicular to AG and 6 at that moment

DB Section of the ecliptic and AN perceptible by the senses at that
moment

" The possible confusion arises from two facts: the first is that place were the "accession
or recession” (in Azarquiel's terminology) of the Heads of Aries and Libra starts (i = 0°
or 180°) is not the place were the "accession or recession” of the equinoctial points starts
(i = 90° or 270°), and the second is that neither Azarquiel nor Ibn al-Hi'im sate
explicitly whether they are talking about the direction of the Heads of Aries and Libra,
their positions with regard to the equinoxes or the forward and backward motion of the
equinoxial points.

" Mills [1943-1950:333-334].
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AGD Section of the equator
D Intersection between equator and ecliptic and hence the spring
equinox at that moment

Fig. 8

This implies one of the following possibilities: either 1) Azarquiel knew
Ibn Mu‘adh’s trigonometry, which apparently was unknown in Toledo in
the time of Sa‘id al-Andalust or 2) The new Eastern trigonometry reached
al-Andalus not only through Ibn Mu‘adh but via other channels as well.

VII1.3.[3] Ibn al-Ha’im then determines the relationship for solving the
spherical triangle DZB (Fig. 8), which does not appear in Azarquiel,
although it is implicit in his geometrical resolution of the spherical triangle.
Ibn al-Ha’im uses the sine theorem here, formulated also in al-Andalus by
Ibn Mu‘adh in his Kitab Majhalat Qisi al-Kura'™ and Jabir b. Aflah in
his Islah al-Majisti'™.

Sin BZ/Sin BD = Sin D/Sin Z

1 On Tbn Mutadh’s trigonometry see M.V. Villuendas [1979] and J. Sams6 [1980:60-68].
" See R. Lorch [1973:38] and J. Sams6 [1980:64].
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VIL3.[4] Tbn al-Ha’im tries to determine BD = A\, from the known
data, that is: BZ = §; D = ¢; Z = 90°, of a right angled spherical
triangle. Then, according to the given relation, the formula to be applied
has to be:

sin AN = sin & X sin 90°/ sin e.
We find exactly the same in Azarquiel’s text.
13. On the knowledge of the "igbal al-thani"

As we have seen, bab 4 of magala V1I deals with the determination of the
igbal al-thani'™, which calculates what Azarquiel calls the "equation of
the diameter" (ZG in Fig. 9). As usual, the figure in the text (fol. 82v) is
incomplete. The igbal al-thani is the difference between the right
ascensions of the Head of Aries (B) and of point (G). In Ibn al-Ha’im’s
words igbal al-“amud fr 'I-qutr.

Fig. 9

" On al-igbal al-thani see B. Goldstein [1964:242-244]: and J. Sams6 [1994b:X;15].
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Fig. 10

The terminology used needs some commentary. The igbal al-thani is an
arc on the equator, while the igbal al-awwal is an arc on the ecliptic. The
igbal al-thani is defined in the title of the chapter as if it were the ascension
of each degree of the equatorial epicycle with respect to the meridian. The
same kind of expression appears again in [3] and is clarified in [4], in
which the words ma yatla® ft da'irat nisf al-nahar become ma yajuz fi
da’irat nisf al-nahar. This seems to refer to the arc of the equator between
the meridian transits of two points of the equatorial epicycle.

In bab 17 of magala V1, 1bn al-Ha’im uses the igbal al-thani to calculate
the equation of time. The equation of time is the difference between two
passages of the sun through the meridian, the passage of the real sun
traveling along the ecliptic and the hypothetical passage of the mean sun
traveling along the equator. He uses the igbal al-thani to determine the
precession value projected onto the equator, that is the right ascension of
AN'". The same use is mentioned in chapters 6 and 17 of Ibn al-Banna’s
Kitab Minhaj al-Talib li-ta°dil al-Kawakib'".

'™ On this, see A. Mestres [1999:1,29-31]
1™ See Vernet [1952:28,82;53,117].
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VII.4. [1-2] Paragraph one partially corresponds to a paragraph in
chapter 8 of Azaquiel’s Book on the Fixed Stars'™. In it we find the
instruction for calculating al-igbal al-thani with the corresponding table
using the mean motion of the Head of Aries as argument.

However, Ibn al-Ha’im here presents a formula not found in Azarquiel
to calculate the al-igbal al-thani for the positions of the Head of Aries
taking into account if i < 180° or i > 180°.

In the first case, he uses:

Cord i X 0;4,19,26° = 60 cord i X 0;4,19,26° = cord i X 4;19,26°

Sin (180 - i) X 0;4,19,26° = 60 sin (180 - i) X 0;4,19,26° =

sin (180 -i) X 4;19,26°

The development of the formula is as follows:

Cord! (cord i X 4;19,26") = ~BG (arc of great circle)

Sin (sin (180 - i X 4;19,26°) = "BZ (arc of great circle)

He, then, determines ZG, the desired igbal al-thani, using the
relationship stated in VII.4.[4], where we find the geometrical explanation,
corresponding to Azarquiel’s':

Cos ZG = Cos BG X 60 / Cos BZ;

For the second case, the procedure is the same, using:

15 1 M. Millss [1943-1950:336-337].
"6 J.M. Millds [1943-1950:333-334].
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Cord (360 - i);
Sin (180 -(360 -7)) = Sin (i - 180)

The radius of the equatorial epicycle is 4;19,26" (0;4,19,26° X 60). As
in the case of the radius of the polar epicycle, Ibn al-Ha’im uses two
values, the radius given in the text and the value of the radius divided by
60, used in the geometrical description.

The description found in VII.3.[2] is also repeated, with the following
additions:

E  Centre of the epicycle
BG Arc of great circle and straight line connecting the two points

VI1.4.[3] Now, the known data are: GB (i); BA (180° - i) and ZB ().

The geometrical explanation is as follows: given the triangle GBZ, made
of arcs of great circles, of which Z is the right angle, the relationship,
according to Ibn al-Ha’im but not stated by Azarquiel, will be:

cos BG / cos GZ = cos BZ / sin 90°

As BG and BZ are known, we also know GZ, that is, al-igbal al-thani.
So Ibn al-Ha’im is using the cosine theorem here. Azarquiel uses the same
triangle and the same data so that, implicitly, he is using the same
relationship.

14. On the knowledge of the "igbal al-thdni" between two given
positions of the Head of Aries

VII.4.[4] Then, Ibn al-Ha’im adds the procedure to be used to determine
the "second accession" between two different positions of the Head of
Aries. Let us now suppose that at another moment the Head of Aries is at
point ® and draw a perpendicular to AG, in order to obtain the value of &
at that moment. We also draw an arc of a great circle between ® and G and
join the two points with the straight line ®G (Figs. fol. 83v. and 10).
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VIL.4.[5] Then, let us consider, as before, the right angled triangle ®PHG
made of arcs of great circles, in which we know: H = right angle; H® ()
and G (/). We will calculate GH using the cosine theorem. As GZ is
already known (VII1.4.[3], once GH is determined, HZ will also be known
and this is the quantity corresponding to the second accession between the
two positions of the Head of Aries corresponding to two given moments.

III. Conclusions
1. General conclusions

This manuscript is interesting because it offers, for the first time, a detailed
description of the Andalusian theory of trepidation in an Arabic text and
not in a Latin or Hebrew translation of an Arabic text. In the Kamil zij,
accession and recession, or trepidation, is a constant throughout the book
because it has to be taken into account for most of the calculations and
procedures that the book presents: from the equation of time and the
explanation of the different kinds of years to the knowledge of the
procedure used to calculate the tropical longitudes of the heavenly bodies
referred to the ecliptic.

Ibn al-Ha’im is not keen on tables; however, he suggests that they may
be used, whenever the user is aware of the fact that, in general, tables have
a time limit of no more than 40 years. In particular, trepidation tables have
to be adapted to the changing obliquity. In fact Ibn al-Ha’im’s equation
table takes into account the value of ¢ for each mean position of the Head
of Aries on the equatorial epicycle (See 0.13). However, the fact that the
period of revolution of the Pole of the ecliptic is not exactly twice the
period of revolution of the Head of Aries implies that the values for
arguments between 180° and 360° in the table will not be symmetrical to
those between 0° and 180°. Even if the table is prepared for 360°, it will
be valid just for one revolution of the Head of Aries.

Ibn al-Ha’im also offers other information on Andalusian sources: for
instance, the parameters used by Abi Marwan al-Istijji, which suggest that
he wrote a zij other than the Toledan Tables. In fact, Abi Marwan’s
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parameters differ from the known parameters, although his determination
of the increase of precession between Hipparchus and Ptolemy coincides
with Azarquiel’s. Furthermore, his parameters seem not to be related to
those of the Toledan Tables or the Liber de Motu. Tbn al-Ha’im also
introduces us a certain Muntakhab zij, by a contemporary of his, whose
values for precession corresponding to Hipparchus and Ptolemy’s time are
very close to the values in Azarquiel’s second model. And the table for the
increase or decrease of precession in this zij seems to have coincided with
the one in Ibn al-Ragqam’s al-zij al-Qawim and Abu ’l-Hasan al-
Qusantin®’s zij, which differ from the tables found in the rest of Azarquiel’s
followers.

To determine Ibn al-Ha’im’s role in the spreading of the trepidation
models, I will analyze his relationship with his forerunners, Azarquiel
(I11.2) and Ibn al-Kammad (I1I.3), and with his followers, the author of the
Hyderabad recension of Ibn Ishaq’s zij (II1.4) and Ibn al-Raggam (II1.5).

2. Ibn al-Ha’im and Azarquiel

As we have seen, in the Kamil zij, Ibn al-Ha’im relies heavily on the
models in Azarquiel’s Book on the Fixed Stars. He uses Azarquiel’s third
trepidation model as well as his model for the obliquity of the ecliptic.
Although it has always been considered that in Azarquiel’s third model the
obliquity of the ecliptic model was independent of the trepidation model,
Ibn al-Ha’im, following Azarquiel, connects the two motions and models.
In them, the pole of the ecliptic carries the solstitial colure and maintains
a constant distance of 90° from the Heads of Aries and Libra.

Ibn al-Ha’im is, however, more precise in the parameters given, perhaps
indicating that he is not using the Book on the Fixed Stars, but some sheets
of paper written in Azarquiel’s own hand; in fact, Ibn al-Ha’im states this
in a couple of places of this book.

As far as the geometrical resolution is concerned, both used spherlcal
trigonometry. In the Kamil zij, Ibn al-Ha'im adds to Azarquiel’s text the
detailed description and use of spherical trigonometry, as regards to
formulae and relationships between sides and angles of right angled
spherical triangles, showing a good knowledge of the subject (See VII.1
and VIIL.2)
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As far as the use of the tables is concerned, as we have seen, there are
two basic differences between Ibn al-Ha’im and Azarquiel: 1) Ibn al-
Ha’im, like all Azarquiel’s followers, devises a table that gives the increase
or decrease of trepidation directly. Nevertheless, he recommends
Azarquiel’s procedure for calculating this value due to the fact that
standard trepidation tables, based on a fixed value for the obliquity of the
ecliptic, are only valid for a short period of time, due to which, as we have
seen, he calculates a table taking into account the different values of the
obliquity corresponding to every position of the Head of Aries; 2) instead
of Azarquiel’s table of declinations of the Head of Aries, Ibn al-Ha'im
gives a table for the "sine of the declination", because in fact this is the
value needed to apply the formula sin AN = sin 6 / sin €.

Furthermore, we should note that some paragraphs of Ibn al-Ha’im’s
text are excerpts, often word for word, from Azarquiel’s book. Examples
can be found in I1.1.[1,3,9]; VIL.3 [1,2] and VII.4.[1]. However, Ibn al-
Ha’im often modifies the parameters to agree with the observations.

3. Ibn al-Ha’im and Ibn al-Kammad

Ibn al-Ha’im considered Ibn al-Kammad an ignorant disciple of Azarquiel
who had distorted his master’s theory. He states that Ibn al-Kammad’s
trepidation model is based on two fundamental errors: 1) Ibn al-Kammad
believes that the motion of the Head of Aries and the motion of the Pole of
the ecliptic are the same and, therefore, devises a single table for both
motions; 2) he thinks that this table is valid for any time.

According to Ibn al-H@’im, the ratio between the two motions is
approximately 1/2'” and Ibn al-Kammad’s table cannot be valid for both
motions or for any time, because of the obliquity of the ecliptic used in the
formulae underlying the table changes.

To this it must be added that Ibn al-Ha’im states in different parts of the

17 1/1;54,40° in IL.3.[1].

Suhayl 2 (2001)



Ibn al-Ha'im's Trepidation Model 363

book that zijes have a limited duration of no more than 40 years'™. One
of Ibn al-Kammad’s errors was precisely to consider his zij as everlasting
(al-Amad “ala al-abad). Surprisingly enough, in the Hyderabad’s version
of Ibn Ishaq’s zij, we can read that in al-Kawr ‘ala al-Dawr'™ Tbn al-
Kammad stated that the duration of the zijes was limited.

4. Ibn al-Ha’im and the Hyderabad version of Ibn Ishdq al-Tiinisi’s

!lzij'lllm

As the author of this version of Ibn Ishaq’s zij mentions Ibn al-Ha’im as
one of his sources, which also include Azarquiel and Ibn al-Kammad, it
seemed worthwhile to study the trepidation chapters in this zij.

It was, however, disappointing to find that in the theoretical discussion
of trepidation, the author relies only on Ibn al-Kammad’s al-Kawr ‘ala al-
Dawr.

In his tables, the author follows Azarquiel, directly or through Ibn al-
Kammad, although he introduces corrects slight corrections in some of the
parameters. For instance, in the daily parameter for the motion of the Head
of Aries in its equatorial epycicle, Ibn Ishaq as well as Ibn al-Banna’, Ibn
al-Raqgam and Ibn °Azziiz al-Qusuntini follow Azarquiel’s value for
Persian and Julian years, although adapted to Arabic years, while Ibn al-
Kammad, al-Marrakushi and Ibn al-Ha’im follow Azarquiel’s table for

" In fact, in different parts of the book Ibn al-Ha'im affirms that his tables will be useless
after a period of 40 years from the date of composition, which, according to him,
corresponds to the beginning of 7"c. Hijra (13%c. AD). See for instance fols. 36r, 70v
and 71v, or when he speaks of other items such as the determination of the true
longitudes of the sun by means of the corresponding tables. On this see E. Calvo
[1998:57]. In the Hyderabad revision of Ibn Ishaq’s zf, it is stated that the 40 years limit
duration of a zij is due to the changing obliquity. See the Arabic edition of the text in A.
Mestres [1999:11,296].

'™ F. 92. See conclusions point 4.

'™ Hyderabad Andra Pradesh State Library ms. 298. On trepidation and obliquity of the
ecliptic in this MS see M. Comes [1992:147-159] and [1996:355-364]. A general account
of the contents of the z7j is to be found in A. Mestres [1996:383-444] and an edition of
the main part of the zij in A. Mestres [1999].
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Arabic years, which as we have seen is different from his tables for Persian
and Julian years. However, he does not propose Azarquiel’s method for
calculating the accession or recession value for a given moment but a table
giving the value directly, as do all the rest of Azarquiel’s followers.

Be that as it may, in the context of trepidation, Ibn al-Ha’im is not
mentioned at all. It appears that the anonymous author was following Ibn
Ishaq directly here, and as Ibn Ishaq was a contemporary of Ibn al-Ha’im,
he did not probably even know of him.

5. Ibn al-Ha’im and Ibn al-Raggam.

As is already known, Ibn al-Raqqam has three different zijes: al-Zij al-
Shamil fi Tahdhib al-Kamil, al-Zij al-Qawim fi Funin al-Ta‘dil wa-I-
Tagwim'®' and al-Zij al-Mustawfi. These zijes, especially the first one,
rely heavily on Ibn al-Ha’im, although the parameters do not coincide'®.

According to Ibn al-Raqqam himself, al-Zij al-Shamil fi Tahdhib al-
Kamil, as its name indicates, was expressly intended to provide tables for
Ibn al-Ha’im’s al-Zij al-Kamil, and for this reason I have used it to fill
some of the blanks in the manuscript.

For the arguments in favour of or against the possibility that Ibn al-
Ha’im’s zij had its own tables'™, I would suggest that he may have
devised some tables and Ibn al-Raqqam was merely trying to complete the
book with the ones that were missing.

Seven chapters of this zfj deal with trepidation:

- Bab 17, "On the quantities of the motion of the Head of Aries, the Pole
and the Centre in their circles". It corresponds to Ibn al-Ha’im’s paragraph
I1.2.[3].

- Bab 25, "On the knowledge of the obliquity of the ecliptic using the
tables". It corresponds, almost word for word, to Ibn al-Ha’im’s III.1.

- Bab 26, "On the knowledge of the distance between the Head of Aries

'8 Cf. E.S. Kennedy [1997:35-72]
'8 See Abdulrahman [1996b].

'® See point 3 of the commentary.
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and the spring equinox using the tables". It is a summary of Ibn al-Ha’im’s
I1.2.

- Bab 70, "On the knowledge of the minimum obliquity and the distance
between the two poles (ecliptic and equator) from an observed obliquity".
It corresponds, almost verbatim, to Ibn al-Ha’im’s VIIL.1.[1-3]. As in the
next chapter, he uses the description of the formula, but avoids the
trigonometrical explanation.

-Bab 71, "On the knowledge of the value of the obliquity and the distance
between the two poles at any moment". It corresponds, almost word for
word, to Ibn al-Ha’im’s VII.2.[1]. As in the chapter above, he gives the
description of the formula, but avoids the trigonometrical explanation.

- Bab 72, "On the knowledge of the distance between the Head of Aries
and the spring equinox at any moment, which is the first accession and
recession, perceptible by the senses". It corresponds to Ibn al-H3a’im’s
VII.3.[1], which in its turn corresponds to a paragraph in chapter 8 of
Azarquiel’s Book on the Fixed Stars. Ibn al-Ragqam avoids the geometric
description.

- Bab 73, "On the knowledge of the ascension degrees in the equator of the
accession and recession circle degrees, which is the second accession,
perceptible by the intellect". It corresponds to Ibn al-Ha’im’s VIL.4. [1]. Ibn
al-Raqgam here has avoided the geometrical description as well as the
trigonometrical explanation.

In the Qawim zij only one chapter refers to trepidation:

- Bab 9, "On the accession and recession motion". It corresponds to bab
26 in Ibn al-Raqqam’s Shamil.

The Mustawfi zij also devotes two chapters (16 and 17) to trepidation.
In chapter 16, he deals with the igbal al-thanr in bis treatment of the
equation of time and in chapter 17, after a long and detailed description on
the use of the corresponding tables, there is a short paragraph on the
differences between tropical and sidereal motions and a brief mention of
the use of the formula (sin) AN = sin &/sin € to achieve the increase or
decrease of precession for a given moment.
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IV. Appendix

1. Edition of the sections of the text dealing with trepidation of the
equinoxes and obliquity of the ecliptic.
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